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A Numerical Approach to Hydrographs  

In math problems, show all work.
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How does the unit hydrograph get its classical shape?  We can show how by solving a stream routing problem much like the hydrologic routing problem.  To calculate how a flood moves downstream to produce a hydrograph, the river is subdivided into distinct segments of length, (x.  In each segment, overland flow qov from a rainstorm reaches the river and adds to the stream flow.  Water also flows into each segment from the segment upstream at a rate, qi-1, while water flows out of the segment at the downstream side at a rate, qi.  The stage in any segment will change when there total inflow of water to the segment is not equal to the total outflow.

The equation for change of the ith stage, (hi based on mass conservation is,
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1
where


(t is the time step


(y is the width of the stream


qi-1 is the incoming flow from the segment upstream


qi is the outgoing flow from the ith segment.

In this simple model, the downstream segments have no influence on the segments upstream.  In reality, when the river rises downstream it can cause the stream to "back up".

The relation between stage and discharge may be given by

1. A rating equation,

2. The Manning Equation,

3. The equation for weir flow.

Steps:

1. At the first time step calculate the stage from the known discharge using a rating equation. (For simplicity, the discharge and stage are assumed equal in all segments.  This is the base flow.)

2. At each subsequent time step use the equation for (h to find the new stage.  Then

3. Use the stream flow equation to find the new discharge.  This must be done for the upstream segment first since changes of flow occur upstream first and influence the downstream segments.

4. Using the updated values of discharge, repeat steps 2 and 3 for the next time step and so on.

Exercise #1: No Overland Flow
Consider the simpler case with no overland flow.  The stream is (y = 25 m wide. Each segment is (x = 20 km long, and has the same rating curve as for weir flow. 
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2
The problem is to calculate the discharge, q, for each segment and for each time until the flow peaks at the third segment.  Every segment begins with the same flow and the same stage.  To find the initial stage, solve the weir flow equation for h,
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3
Assuming that the flow just begins to increase t = 1000, the river has not yet had any time to rise. Thus both h and q remain the same in all segments.  This is why the first two lines have been completed in the table below.

t (s)
q0
h1
q1
h2
q2
h3
q3
0
20
.27
20
.27
20
.27
20

1000
150
.27
20
.27
20
.27
20






2000
350







After t = 1000, h1 begins to increase since q0 > q1.  The equation for the increase in stage of any segment, (hi, is given by
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4
For the first segment this becomes, 
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5
Thus, at t = 2000, h1 = h1 + (h1 = 0.27+ 0.26 = 0.53 and q1 is given by
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t (s)
q0
h1
q1
h2
q2
h3
q3
2000
350
.53
56
.27
20
.27
20

3000
500

Note that the stream has not yet changed in segments 2 and 3.  But after t = 2000 h2 begins to increase since q1 > q2.  Segment 3 will not begin to rise until after t = 3000.

Problem 1 Complete Table I below, explaining the downstream change in timing and quantity of discharge.

Exercise #2: Overland Flow
The only change is to add the effect of overland flow, which must be specified for each time and segment.

Table of Overland Flow
t (s)
q0
qov1
qov2
qov3
0
20
0
0
0

1000
150
50
50
50

2000
350
50
50
50

3000
500
50
50
50

4000
450
50
50
50

5000
350
0
0
0

As before, nothing changes until after t = 1000.  In this case, all segments that receive overland flow will begin to rise after t = 1000.

The change of height for the first segment is given by,
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7
This leads to a height h1 = .63 at t = 2000 and a discharge,
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8
The change of height for the second (and third segment) is given by,
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9
This leads to a height h1 = .37 at t = 2000 and a discharge,
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Thus,  

t (s)
q0
h1
q1
h2
q2
h3
q3
0
20
.27
20
.27
20
.27
20

1000
150
.27
20
.27
20
.27
20






2000
350
.63
72
.37
32
.37
32

Problem 2 Complete Table II.  Note the downstream changes in timing and magnitude of the discharge and comment on any differences that may be caused by including the overland flow. Given a long enough river (with more segments) and a long enough rainstorm, downstream flow will increase.  But that will take more calculations and is a job for the computer.
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A Numerical Approach to Hydrographs  

In math problems, show all work.

Exercise 1 : No Overland Flow
Governing Equations:

(hi = ________________________

qi = ________________________

Table I
	PRIVATE 
t (s)
	q0
	h1
	q1
	h2
	q2
	h3
	q3

	0
	20
	.27
	20
	.27
	20
	.27
	20

	1000
	150
	.27
	20
	.27
	20
	.27
	

	2000
	350
	.53
	56
	
	
	
	

	3000
	500
	
	
	
	
	
	

	4000
	450
	
	
	
	
	
	

	5000
	350
	
	
	
	
	
	

	6000
	250
	
	
	
	
	
	

	7000
	180
	
	
	
	
	
	

	8000
	110
	
	
	
	
	
	

	9000
	60
	
	
	
	
	
	

	10000
	20
	
	
	
	
	
	


Graph q0, q1, q2, and q3 as a function of time, and in the space below, show calculations for t = 3000.
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Exercise 2 : Overland Flow Included
Governing Equations:

(hi = ________________________

qi = ________________________

Table II
	PRIVATE 
t (s)
	q0
	h1
	q1
	h2
	q2
	h3
	q3

	0
	20
	.27
	20
	.27
	20
	.27
	20

	1000
	150
	.27
	20
	.27
	20
	.27
	20

	2000
	350
	.63
	72
	.37
	32
	.37
	32

	3000
	500
	
	
	
	
	
	

	4000
	450
	
	
	
	
	
	

	5000
	350
	
	
	
	
	
	

	6000
	250
	
	
	
	
	
	

	7000
	180
	
	
	
	
	
	

	8000
	110
	
	
	
	
	
	

	9000
	60
	
	
	
	
	
	

	10000
	20
	
	
	
	
	
	


Graph q0, q1, q2, and q3 as a function of time, and in the space below, show calculations for t = 3000.
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