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WELL FLOW AND GROUNDWATER
In Math Problems, show all work.
Flow to wells is generally radial so that it is necessary to use cylindrical coordinates. I know that students generally hate cylindrical coordinates but what can I do? The flow to wells would remain radial even if the well were square! In simple problems the flow is entirely radial so that we need only include the radial distance, r, which is measured outward from the center of the well.

The flow to the well is then given by,
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where h is the height of the water table. The cross sectional area, A is the area of the side of cylindrical can with radius r and height H, or,
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For a confined aquifer, H is generally constant, while for an unconfined aquifer, H is variable.

When water is pumped from wells, the water table is depressed or drawn down in the vicinity of the well. Ground water then flows down the gradient toward the well to replace the extracted water. When water is first pumped from a well the water table sinks at a substantial rate, but after a while if the water is pumped from the well at a steady rate the water table approaches a steady height.

Steady State Flow to Wells The steady state flow of water to a well is a simpler problem than the unsteady problem. Steady flow means that there is no local accumulation of water at any region in the ground. Thus the discharge, q does not change with radial distance from the well.

There are two basic solutions for steady flow to wells - one for confined aquifers and one for unconfined aquifers. The difference hinges on the fact that H is constant for the confined aquifer and varies for the unconfined aquifer.

For the confined aquifer constant q implies that the bracketed term is constant, or
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This means that we can separate variables and take the integrals,
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After integrating and solving for qc this becomes,
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For the unconfined aquifer the constant term in the brackets for constant q has changed since now, h=H and H is a variable. Thus,
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6
Once again we separate variables and take the integrals,
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After integrating and solving for qu, this becomes,
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Unsteady Well Flow Of course, most well flow is unsteady. This is particularly true when a well is first dug and tested to estimate its potential yield.

The governing equation for the flow of water from a confined aquifer is the classical heat diffusion equation in cylindrical coordinates,
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9
Drawdown, you Cowards Note that we use a new variable, Zr in place of h. Zr is the lowering of the height of the water table or the drawdown.

If a volume of water, V, is drawn impulsively at time t=0 from the well then the solution to the diffusion equation is,



[image: image10.wmf]e

  

Tt

4

V

 

=

 

Z

4Tt

r

S

-

r

2

÷

÷

ø

ö

ç

ç

è

æ

p


10
We can generalize this solution by replacing V with qdt and integrating from 0 to t to get the well solution first used by Theis in 1935,
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In shorthand this is written,
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where,
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and where W(u) is the so-called well function,
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A graphical technique for solving well problems proceeds as follows. First of all when test wells are dug, neither T nor S is known. In order to solve for the well's future behavior, it is first necessary then to determine T and S.

1. The well is pumped for a while and the drawdown, Zr is recorded at a second test well (or piezometer) located at point, rp.

2. Plot y=Zr vs x=rp2/t on log-log graph paper.

3. Overlay the plot on a piece of log-log graph paper which has y=W(u) and x=u until the two curves match exactly.

4. Pick any value of u, and then write the values of W(u) and the values of Zr and rp2/t at the same point.

5. With these values use the equation for Zr to solve first for T. Then, use the equation for u to solve for S. At this point the solution is complete and can be used to find Zr at any other values of t and r. 

The math for the well function can be simplified for large enough t. The well function is represented by the infinite series,
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For large enough t, u(0 and the well function reduces to,
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This approximation works quite well for u<.01. In this case we can write,
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Superposition of Several Wells and the Method of Images The well equation is linear. This means that if there are several wells the drawdown is simply the sum of the individual drawdowns of each well. Thus, if there are two wells and the first draws water at rate q1 and is a distance r1 while the second draws water at q2 at a distance r2 from a particular point, then the total drawdown is,
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It is possible to use virtual wells to solve two more difficult situations. When a river is nearby, then the water table at the river is fixed at the river level (no matter how rapidly the well pumps water). This problem is solved by placing a virtual well an equal distance across the nearest bank which pumps water into the ground at the rate, q. Then the drawdown is given by,
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where rw and ri are the distances from the observation point to the real well and the image well respectively.

Finally, when the aquifer is finite and is terminated by impermeable rocks, then the drawdown can be expressed by placing a virtual pumping well an equal distance the opposite side of the end of the aquifer. The drawdown at any point is then given by,
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where rw and ri are the distances from the observation point to the real well and the image well respectively. The one difference between the case of the river and the case of the finite aquifer is that the drawdown is larger in the case of the finite aquifer, so that the individual drawdowns are added rather than subtracted.
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WELL FLOW AND GROUNDWATER
In Math Problems, show all work.
1. Water is pumped from a well in an unconfined aquifer at a rate q = 0.01 m3 s-1. A piezometer (test well)  100 m away (r = 100) records a steady height, H = 60 m. Find H at the edge of the well (r = 0.5 m) if K = 10-5.

H = _______ m

2. Calculate K for a steady well with q = 0.02 m3 s-1 in an unconfined aquifer, given that

r1=50 m
    H1=50.0 m 

r2=20 m
    H2=45.5 m

K = _________

3. Find the maximum sustainable pumping rate for a well of r = 0.5 m in an unconfined aquifer with h = 60 m at a distance, r = 100 m if K = 10-4.

qmax = _________ m3 s-1
4. For a confined aquifer, find K for a well pumping water at a rate q=0.01 m3s-1 if, H = 35 and  

r1=40 m

h1=40 m 

r2=20 m

h2=15 m

K = _________

5. Calculate the drawdown, Zr for an unsteady well of radius r = 0.5 m in a confined aquifer with q = 0.001, S = 2(10)-4, H = 40, and K = 9(10)-5 that has been pumping for 10 hours.

Zr = _______ m

6. Use the method of images to recalculate the drawdown for the well in Problem 5 if 

a: a river is located 50 m away from the well

Zr = _______ m

b: the aquifer ends a distance 50 m from the well.

Zr = _______ m

7. Given a well with T = 10-3, q = 0.002, S = 2(10)-4, calculate the drawdown at a piezometer 25 m from the well at the times listed below.

	PRIVATE 
   t
	    u
	   W(u)
	   Zr

	1 min  = 
	
	
	

	5 min =
	
	
	

	30 min =
	
	
	

	2 hours =
	
	
	

	5 hours =
	
	
	


8. Water is pumped from a well in a confined aquifer at a rate, q = 0.003 m3 s-1. The drawdown at a piezometer a distance r = 20 m away as a function of time is given in the table below. Complete the table and use the graphs of u vs W(u) to find the transmissivity, T, and the specific yield, Sc.

	PRIVATE 
   t
	   Zr 
	   t (days)

	1 min=
	0.737
	

	5 min=
	2.16
	

	30 min=
	4.04
	

	1 h=
	4.78
	

	2 h=
	5.53
	

	5 h=
	6.52
	


Procedure:

a: Plot the results from the table on the graph of t vs Zr.

b: Mark a value of 1/u vs W(u) along the curve on the transparency and write it below.

1/u = ________   W(u)=________

c: Overlay the observed curve of t vs Zr on the curve of 1/u vs W(u) and note the values of t and Zr at the marked point

t=________

Zr=_________

d: Solve for T and S by substituting into the drawdown equation and the equation for u. This leads to 

T = ___________

S = __________ 
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