RANDOMNESS AND COMPLEXITY IN MATRIX GROUPS
VLADIMIR SHPILRAIN
A BSTRACT. We reflect on how to define complexity of a matrix and how to
sample a random invertible matrix. We also discuss a related issue of complexity
of algorithms in matrix groups.

In memory of Alfred Lvovich Shmelkin, a man of honor and integrity

1. I NTRODUCTION
To define complexity of an algorithm, one has to define complexity of its inputs
first. In group theory, it is standard to define complexity of an element g of a
group G as the word length, i.e., the length of a word in the generators of G that
represents the element g. For this complexity to be well-defined, it actually has
to be the length of a shortest word in the generators of G representing g (i.e., the
geodesic length), which can be inconvenient because, for instance, there are rather
natural groups where computing the geodesic length is NP-hard [13]. This is why,
in most natural algorithmic problems in group theory, inputs are words rather than
elements. For example, the correct (from the complexity theory point of view)
formulation of the conjugacy problem would be: given two words, u and v in the
generators of a group G, find out whether or not there is another word t such that
the words u and t −1 vt represent the same element of G. An input of an algorithm
that deals with this problem is therefore a pair of words {u, v}, and complexity of
such an input is the sum of the word lengths of u and v. That said, we also point out
that elements of some groups have a unique normal form, in which case complexity
(whatever it means) of this normal form can be considered complexity of an input.
An example of a normal form is a matrix from a group, say, SLn (Z). Being an
element of a group, such a matrix has a presentation as a word in given generators
of the ambient group. This presentation is not unique (because the group SLn (Z) is
not free). On the other hand, the same element has a unique presentation (a normal
form) as a matrix over Z, i.e., an array of integers. Another point that can be made
specifically in reference to the conjugacy problem is that since the word problem
is a special case of the conjugacy problem (i.e., conjugacy to the identity element),
it would not be a mistake to say that inputs of an algorithm that deals with the
conjugacy problem are two elements of G rather than words in the generators (see
e.g. [12]). Indeed, the conjugacy (decision) problem in a group G may only be
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solvable if the the word problem is, and if the the word problem is solvable, then
one can identify input words with elements of G.
Now we get to the question of how to define complexity of a matrix from, say,
SLn (Z) or SLn (Q), for a fixed n. Given a matrix M = (mi j ), there are 3 principal
ways to define complexity of M:
(1) This is√what can be called the “norm” of a matrix: ||M|| = ∑ |mi j |. Alternatively,
it can be

∑ m2i j , etc.

(2) The word length of M with respect to a particular generating set of the ambient
group. We denote this by |M| when there is no ambiguity concerning the generating
set.
(3) The Kolmogorov complexity. Informally speaking, this is the size of a shortest
description of a given matrix M. This is the most adequate definition of complexity from the complexity theory point of view, but the trickiest one to use in concrete algebraic problems, which is why it is very rarely (if ever) used in assessing
complexity of algorithms for standard problems in group theory, such as the word
problem, the conjugacy problem, etc. We denote the Kolmogorov complexity of a
matrix M by |M|Kol .
In the following Section 2, we are trying to establish relations between different
definitions of complexity.
2. R ELATIONS BETWEEN DEFINITIONS OF COMPLEXITY
In this section, we discuss relations between three different definitions of complexity mentioned in the Introduction, and also a related question of sampling a
random matrix from one or another pool of matrices.
2.1. The word length vs. the norm. The norm ||M|| of a matrix has some nice
algebraic properties, in particular it satisfies the triangle inequality for both addition and multiplication of matrices. It was used in [4] to study complexity of some
algorithms applied to matrices from SL2 (Z). While this kind of complexity is intuitively adequate for matrices over Z, it appears to be inappropriate for matrices
over Q. The reason is simple: for a rational number like m1 with a large m, the absolute value can be very small, but intuitively, complexity of this number should be
at least as large as complexity of m. Thus, complexity of a rational number should
take into account the absolute values of both the numerator and denominator, and
this should be reflected in the complexity of the whole matrix, which is something
that standard definitions of a norm cannot provide.
For matrices in SLn (Z), however, this problem does not arise since larger (by
the absolute value) integers have larger complexity. Now an interesting question is
about a relation between ||M|| and |M|, the word length with respect to a natural
set of generators of SLn (Z). In the further discussion, we are going to focus on the
group SL2 (Z) to keep notation
simpler.
The latter
(
)
( group
) has standard generators
1 1
1 0
that we denote by A(1) =
, B(1) =
.
0 1
1 1
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The group SL2 (Z) is not free, so there are relations between A(1) and B(1),
which means that the word length of a matrix M ∈ SL2 (Z) is not necessarily equal
to its geodesic length. On(the other
subgroups
) hand, the (
) of SL2 (Z) generated by
1 k
1 0
pairs of matrices A(k) =
, B(k) =
are free if k ≥ 2, so for
0 1
k 1
those groups comparison between the word length and the norm might be “more
convincing”.
(
)
1 mk
m
First, consider a matrix L = A(k) =
. We have |L| = m, ||M|| =
0 1
mk + 2, so for this matrix, |M| and ||M|| are equivalent up to multiplicative and
additive constants.
m
By contrast, consider a matrix C = (A(k)B(k)) 2 (assuming that m is even). Then
|C| = m, but ||C|| is exponential in m, according to [3]. Thus, we see that ||M|| can
be equivalent to |M|, but it can also be exponential in |M|. In any case, |M| =
O(||M||) for matrices from that subgroup. A natural question now is:
Problem 1. Denote by Hk the subgroup of SL2 (Z) generated by the matrices A(k)
and B(k), k ≥ 2. What is the norm ||M|| of a random matrix M ∈ Hk , as a function of
the word length |M| with respect to the generators A(k) and B(k). Is it exponential
in |M|?
Of course, the definition of a “random” matrix has to be somehow formalized.
This can be done in several different ways; a good survey on the subject is [14]. In
the context of Problem 1, it is probably reasonable to use randomness stemming
from asymptotic density, in the spirit of [7]. That is, one considers a ball BN of
radius N in the Cayley graph of the group Hk generated by A(k) and B(k) and picks
a matrix from BN uniformly at random. Then, assuming that the answer to one or
another question (e.g. Problem 1) is given by a function f (N), one computes the
(upper) limit of f (N) as N goes to ∞, and this (upper) limit (if it exists) is accepted
as an answer to the relevant question.
As far as Problem 1 is concerned, our conjecture is that ||M|| is exponential in
|M| for random matrices M.
2.2. The norm vs. the Kolmogorov complexity. We start by pointing out that the
Kolmogorov complexity of an integer n is O(log n) because to describe n (in binary,
or decimal, or any other form), it is sufficient to use O(log n) digits. Therefore, for
a matrix M over Z, we have |M|Kol = O(log ||M||).
For a rational number qp , the Kolmogorov complexity is O(log p + log q) =
O(log pq). Therefore, there is no explicit formula relating |M|Kol to ||M|| for matrices M over Q, so we will leave it at that.
2.3. The word length vs. the Kolmogorov complexity. Combining observations
in Sections 2.1 and 2.2, we see that for matrices M ∈ SL2 (Z), |M| can be exponential in |M|Kol (cf. matrix L in Section 2.1), and it can be linear in |M|Kol (cf. matrix
C in Section 2.1). Thus, a natural question on “intermediate growth” is:
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Problem 2. Is there an infinite series of matrices in a subgroup Hk , k ≥ 2, of
SL2 (Z) such that for matrices M in this series, one has |M| superlinear but subexponential in |M|Kol ? Here the word length |M| is considered, as usual, with respect
to the standard generators A(k) and B(k).
3. R ANDOM MATRICES
Random matrices have been studied by many authors, from various points of
view, see e.g. recent monographs [1], [17]. In the context of the present paper,
we are interested in sampling random matrices, i.e., in procedures for generating
matrices according to some intuitively reasonable probability distribution(s).
The definition of a “random” matrix from a pool P can be based on one or
another definition of complexity as follows. Suppose |M|c is a reasonably defined
complexity of a matrix M. Then one considers a ball BN of radius N in the pool
of matrices we want to sample, with respect to this complexity, i.e., BN = {M ∈
P : |M|c ≤ N}, and picks a matrix from BN uniformly at random, provided that all
BN are finite. A disadvantage of this method is a bias toward matrices with larger
complexity because the sphere of radius N usually comprises a large part of the
ball of radius N.
If the pool P to be sampled includes all matrices (of a given size) over a ring
R, then the problem of sampling matrices from R can be reduced to just sampling
elements of R.
If, on the other hand, the pool P to be sampled is, say, the group SLn (Z), then
picking a random matrix M from BN has to take into consideration the fact that M
should have determinant 1. This narrows down the choice of a complexity |M|c
to be used in this context to just |M|, the word length of M with respect to a fixed
generating set of SLn (Z) or a subgroup thereof, depending on the problem at hand.
Yet another idea for sampling matrices from SLn (Z) was discussed in [14]. One
can consider a bijection β : SLn (Z) → S, where S is a set (it does not have to have
a group structure). If β is efficiently invertible, then one can sample a random element from S and then apply β−1 to get a random element of SLn (Z). The idea is
that the bijection β may “distort” the metric on SLn (Z), and this will help avoid the
“long element bias”. A specific example of a bijection considered in [14] stems
from a well-known action of SLn (R) on the upper halfplane equipped with a hyperbolic metric. See [14] for further details; here we just re-iterate the point that
selecting an appropriate sampling procedure often depends on a particular problem
at hand.
4. C OMPLEXITY OF THE SUBGROUP MEMBERSHIP PROBLEM
(
)
(
)
1 k
1 0
Recall that we denote A(k) =
, B(k) =
. In an old paper
0 1
k 1
[15], I. N. Sanov proved two simple yet remarkable theorems:
Theorem 1. The subgroup of SL2 (Z) generated by A(2) and B(2) is free.
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Theorem 2. The subgroup
of SL2 (Z) generated
by A(2) and B(2) consists of all
(
)
1 + 4n1
2n2
matrices of the form
with determinant 1, where all ni are
2n3
1 + 4n4
arbitrary integers.
These two theorems together yield yet another proof of the fact that the group
SL
2
( (Z) is virtually free
) because the group of all invertible matrices of the form
1 + 4n1
2n2
obviously has finite index in SL2 (Z).
2n3
1 + 4n4
Our focus here is on Theorem 2 that has the following interesting corollary:
Corollary 1. The membership problem in the subgroup of SL2 (Z) generated by
A(2) and B(2) is solvable in constant time.
We note that this is, to the best of our knowledge, the only example of a natural
(and nontrivial) algorithmic problem in group theory solvable in constant time. In
fact, even problems solvable in sublinear time are very rare, see [16], and in those
that are, one can typically get either “yes” or “no” answer in sublinear time, but
not both. In light of Theorem 2, deciding whether or not a given matrix from
SL2 (Z) belongs to the subgroup generated by A(2) and B(2) boils down to looking
at residues modulo 2 or 4 of the entries. The latter is decided by looking just at
the last one or two digits of each entry (assuming that the entries are given in the
binary or, say, decimal form). We also note that in this case, it does not matter what
definition of complexity of an input one uses because a constant is a constant no
matter what.
We emphasize though that solving this membership problem in constant time is
only possible if an input matrix is known to belong to SL2 (Z); otherwise one would
have to check that the determinant of a given matrix is equal to 1, which cannot be
done in constant time, although can still be done in sublinear time with respect to
the norm ||M|| of an input matrix M.
What would be a natural generalization of Sanov’s Theorem 2 to A(k) and B(k),
k ∈ Z+ , is not valid for k ≥ 3 and moreover, it was shown in [4] that the subgroup
Hk generated by A(k) and B(k) has infinite index in SL2 (Z) if k ≥ 3.
It was also shown in [4] that there is a simple greedy algorithm for the membership problem in the subgroup Hk , k ∈ Z, k ≥ 2. We note in passing that in general,
the subgroup membership problem for SL2 (Q) is open, while in SL2 (Z) it is solvable since SL2 (Z) is virtually free. The general solution, based on the automatic
structure of SL2 (Z) (see [5]), is not so transparent and has quadratic time complexity (with respect to the word length of an input). For a special case of subgroups
Hk we have:
Proposition
1. [4])Let k ∈ Z, k ≥ 2, and let the complexity ||M|| of a matrix
(
m11 m12
M=
be the sum of all |mi j |. There is a (greedy) algorithm that
m21 m22
decides whether or not a given matrix M ∈ SL2 (Z) is in the subgroup Hk of SL2 (Z)
generated by A(k) and B(k) (and if it does, finds a presentation of M as a group
word in A(k) and B(k)) in time O(n · log n), where n = ||M||.
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We emphasize that the quadratic time complexity result of [5] holds with respect to the word length of an input matrix, while the O(n · log n) time complexity
result of Proposition 1 holds with respect to the norm n = ||M|| of an input matrix. Relation between the word length |M| and the norm ||M|| is discussed in our
Section 2.1, but the bottom line is: |M| = O(||M||) for M ∈ Hk . However, if an
input is given as a matrix, then to apply the algorithm in [5], one would have to
first present this matrix as a word in the generators, and this takes us back to the
algorithm referred to in Proposition 1.
Finally, we note that statement similar to Proposition 1 holds also for the monoid
generated by A(k) and B(k), for any k ∈ Z, k > 0.
4.1. Generic-case complexity. The O(n · log n) is the worst-case complexity of
the algorithm referred to in Proposition 1. It would be interesting to find out what
the generic-case complexity (in the sense of [7]) of this algorithm is.
The basic theory of generic-case complexity was developed in [7] and [8]. It
turns out that in many interesting cases the traditional group-theoretic decision
problems, such as the word, conjugacy and subgroup membership problems, have
provably very low generic-case complexity, even where the worst-case complexity
is very high, or indeed, where the problem is undecidable. Moreover, it was proved
in [8] that the true average-case complexity is frequently low as well. This is true
even though solving the word problem for some specific words may take much
more than linear time in the worst case. In fact there need not even be any algorithm
at all which solves the word problem for all words. Similar sorts of results followed
for other group-theoretic problems, involving individual group elements (e.g. [7],
[10]) as well as subgroups ([2]). In each case a decision problem which might be
quite difficult in the worst case was shown to be easy for “most” inputs, that is, for
inputs in a so-called generic set. The precise definition of “generic” depends on the
problem at hand, but is supposed to be natural in each particular situation. To study
the generic complexity of algorithms in a specific group G, one has to somehow
define a measure on G; then sets that asymptotically have the same measure as the
whole of G will be generic. It turns out that to make such a definition natural, one
has to take into account not only the nature of the problem at hand, but also the
nature of the group G. For instance, in [9] it was shown that, if one takes a subset
S of a free abelian group Zk and its full preimage Ŝ in the free group Fk of the same
rank, then the measure (more often called the “density”) of S in Zk in the “classical”
sense (used in number theory for a long time now) is equal to the measure of Ŝ in
Fk defined in a natural yet rather subtle way (the “annular density”). In a recent
survey [6], other possible definitions of density were discussed.
In any case, generic-case complexity refers to the difficulty of solving a given
problem for a generic set of inputs, or, intuitively, for “random” inputs.
Now we are going to explain the reason why we think the membership problem
for the subgroup of SL2 (Z) generated by A(k) and B(k) has low (probably sublinear
time) generic-case complexity. The starting point is the following observation: the
entries of matrices that are products of length n of positive powers of A(k) and
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B(k) exhibit the fastest growth (as functions of n) if A(k) and B(k) alternate in the
product: A(k)B(k)A(k)B(k) · · · . More formally:
Proposition 2. [3] Let wn (a, b) be an arbitrary positive word of even length n, and
n
let Wn = wn (A(k), B(k)), with k ≥ 2. Let Cn = (A(k) · B(k)) 2 . Then: (a) the sum of
entries in any row of Cn is at least as large as the sum of entries in any row of Wn ;
(b) the largest entry of Cn is at least as large as the largest entry of Wn .
The entries of Cn can be determined explicitly from a system of recurrence relations. These recurrence relations are linear, with constant coefficients, so their
solutions are sums of exponential functions in n. This implies that complexity
of the (greedy) algorithm mentioned in Proposition 1 is log of the complexity (=
norm) of the input, when the algorithm is applied to a matrix Cn . On the other hand,
if this algorithm is applied to a power of A(k) or B(k), then its complexity is linear
in the size of the input. Now intuitively, a random (reduced) product of matrices
A(k)±1 and B(k)±1 is “closer” to Cn for some n than it is to a power of A(k) or B(k)
since the expected number of A(k)±1 factors in such a product is the same as the
expected number of B(k)±1 factors. This is why we believe that the generic-case
complexity of the algorithm referred to in Proposition 1 is sublinear (in fact, logarithmic) in the norm of an input matrix, which would be a really interesting result,
so we ask:
Problem 3. Is the generic-case complexity of the algorithm claimed in Proposition
1 sublinear in ||M||?
We note that, unlike the algorithms with low generic-case complexity considered
in [7], this algorithm has a good chance to have low generic-case complexity giving
both “yes” and “no” answers.
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