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Abstra ct. This work presents a quantitativ e framework for describing the
overcompleteness of a large classof frames. It intro ducesnotions of localization

and approximation between two frames F = ffijgi2; and E= fegj2c (G a
discrete abelian group), relating the decay of the expansion of the elements of
F in terms of the elemens of Evia amap a: 1 ! G. A fundamental set of
equalities are shown betweenthree seemingly unrelated quantities: the relativ e
measure of F, the relative measure of E| both of which are determined by
certain averagesof inner products of frame elements with their corresponding

dual frame elements | and the density of the set a(l) in G. Fundamental

new results are obtained on the excessand overcompleteness of frames, on
the relationship between frame bounds and density, and on the structure of
the dual frame of a localized frame. These abstract results yield an array of
new implications for irregular Gabor frames. Various Nyquist density results
for Gabor frames are recovered as special cases,but in the processboth their

meaning and implications are claried. New results are obtained on the excess
and overcompleteness of Gabor frames, on the relationship between frame
bounds and density, and on the structure of the dual frame of an irregular

Gabor frame. More generally, these results apply both to Gabor frames and
to systems of Gabor molecules, whose elemerts share only a common envelope
of concertration in the time-frequency plane.

1. Intr oduction

Frameswere rst introduced by Dun and Scae er [DS52]in the context of
nonharmonic Fourier series,and today frames play important rolesin many appli-
cationsin mathematics, science,and engineering,including time-frequency analysis
[Gro01], internet coding [GKKO01], speed and music processinglWGWO04], commu-
nication [SHO3], multiple antenna coding [SHHS01], medicine [UALO3], quantum
computing [KRO5], and many other areas.

The fundamental structural feature of frames that are not Riesz basesis the
overcompletenessof its elemerts (i.e., after the deletion of a number of frame el-
emerts, the remaining set still spansthe original space). To date, even partial
understanding of this overcompletenesshas been restricted to limited examples,
such as nite-dimensional frames or regular frames of time-frequency shifts (lat-
tice Gabor frames). The ideas and results preseried here provide a quartitativ e
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framework for describing the overcompletenessf a large classof frames. The con-
sequencef theseideas are: (a) an array of fundamental new results for frames
that hold in a general setting, (b) signi cant new results for the caseof irregular
and lattice Gabor frames, aswell as a new framing of existing results that clari es
their meaning, and (c) the presenation of a powerful new approad to density and
overcompletenesavhich intro ducesa fruitful new area of researt. Full details and
proofs will appear in the papers [BCHLO05a], [BCHLO5D].

At the core of our main results is Theorem 3.3. The precise statemert of the
theorem requires somedetailed notation, but the essencef the result can be sum-
marized asfollows. We beginwith two framesF = ff;g»; andE= feg gy2¢, Where
G is a discrete abelian group, and intro duce a notion of the localization of F with
respect to E. The idea of localization is that it describesthe decay of the coe -
cients of the expansionof elemerns of F in terms of the elemens of E. To make
this notion of decay meaningful, a map a from the index set| into the index set G
is introduced. With this setup, Theorem 3.3 establishesa remarkable equality be-
tweenthree seeminglyunrelated quartities: the relative measureof F, the relative
measureof E | both of which are determined by certain averagesof inner products
of frame elemerts with their corresponding dual frame elemens | and the density
of the seta(l) in G. This equality betweendensity and relative measureis striking
sincethe relative measureis a function of the frame elemeris, while the density is
solely determined by the index setl and the mappinga: | ! G.

We can summarizethe impact of Theorem 3.3 and the other main results of this
paper as follows.

Localization of Frames We provide a comprehensi analysis of the localization
of frames. Localization is not a single concept, but a suite of related ideas. We
introduce a collection of notions of localization as well as related approximation
propertiesfor frames. We provide a comprehensie examination of the interrelations
betweentheselocalization and approximation concepts(Theorem 2.6).

Density and Overcompleteness We explore the implications of the connection
betweendensity and overcompleteness.We show that in any overcomplete frame
which possessesu cien t localization, the overcompletenessmust have a certain
degreeof uniformity. Speci cally, we construct an in nite subsetof the frame with
positive density which can be removed yet still leave a frame (Theorem 3.6). We
obtain relations among the frame bounds, density of the index set |, and norms
of the frame elemerts, and prove in particular that if F is a tight localized frame
whose elemerts all have the samenorm then the index set | must have uniform
density (Theorem 3.5).

Structure of the Canonical Dual Frame. We explorethe structure of the canonical
dual frame, shawing that if a frame is su cien tly localized then its canonical dual
frame is also (Theorem 2.8).

The Feichtinger Conjecture for Localized Frames We prove that any su cien tly
localized frame can be written asa nite union of RieszsequencegTheorem 3.7).
This shows that the Feichtinger conjecture (which hasrecertly beenshown to be
equivalent to the famous Kadison{Singer conjecture [CTO5]) is true for the caseof
localized frames.

Application to Galor Frames We apply our theoretical results to the case of
Gabor systems,yielding a collection of new results summarized as follows.
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(a) Atoms with time-frequency concentration geneate localized Galor frames
(Theorem 4.4). We shown how the degreeof localization of a Gabor frame
is tied to the time-frequency conceriration of the generating function or
\atom". This aloneyields a signi cant improvemert over what was previ-
ously known about the approximation properties of irregular Gabor frames.
We extend theseresults to more generalsystemsof Galor molecules whose
elemerts are not required to be simple time-frequency shifts of eat other,
but instead need only share a common envelope of concerration about
points in the time-frequency plane.

(b) Structure of the canonical dual frame (Theorem 4.9). While there have
beenseweral recent advancesin the theory of irregular Gabor frames, e.g.,
[Jan9g], [CFZ01], [HWO01], [SZ03, [LWO03], to date essetially nothing has
beenknown about the structure of the canonicaldual of an irregular Gabor
frame beyond the fact that it is somecollection of elemerts of L2(RY). We
provethat if anirregular Gabor frame is generatedby a function g which is
su cien tly concerrated in the time-frequency plane (speci cally, g lies in
the modulation spaceM 1), then the elemerts of the dual frame also lie in
M 1. We further prove that the dual frame forms a set of Gabor molecules,
and thus, while it neednot form a Gabor frame, the elemeris do sharea
common envelope of concerration in the time-frequency plane. Moreover,
this sameresult appliesif the original frame wasonly itself a frame of Gabor
molecules. This greatly extends a recert result of Grochenig and Leinert
[GLO4] which covered only the caseof lattice Gabor frames.

(c) A relationship between density of time-frequency shifts and inner products
of frame elements (Theorems 4.5, 4.6). As a consequencef Theorem 3.3,
a remarkable equality betweenthe density of the time-frequency shifts of a
Gabor frame and certain averagesof inner products between Gabor frame
elemeris and the canonical dual frame elemerts is shown. This both recov-
ers and extends known density results for Gabor frames.

(d) Excessof Galor frames (Theorem 4.7). We show that a set of frame ele-
ments with positive density can be removed from any overcomplete Gabor
frame.

Moreover, the results above extend with minor changesfrom irregular Gabor
framesto frames of Gabor molecules.

We believe that localization is a powerful and useful new concept. We note
that Grechenig has independertly introduced a concept of localized frames, for a
completely dierent purpose[Gro04. In his elegant paper, Grochenig has shovn
that frameswhich are su cien tly localized in his senseprovide frame expansions
not only for the baseHilbert spaceH but for an erntire family of assaiated Banach
spaces. He further showed that if a frame is sucien tly localized in his sense
(a polynomial or exponertial localization) then the dual frame is similarly localized.
We learned of Grechenig'sresults shortly after completion of our own major results.
The de nitions of localizations preserted here and in [Gro04 di er, but the fact
that this single concepthasindependertly arisenfor two very distinct applications
shows its utilit y.

1.1. General Notation. H will referto a separableHilb ert space. The frame or
system of interest will be indexed by a countable index set|. The referenceframe
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or systemwill be indexed by an additiv e discrete group G of the form

Y Y
G = a|Z an;
i=1 j=1
with a metric on G de ned asfollows. Giveng = (ajni;:::;agng;my;:::;mMe) 2 G,
set
jgi = sup jainaj; 115 jagngj; (Ma); iz (Me)

where (m;) = 0if m; = 0, otherwise (m;) = 1. The metric is d(g;h) = jg hj
for g, h 2 G. The reader can simply take G = Z9 without much loss of insight on
a rst reading.

We implicitly assumethat there existsamapa: | ! G assciatedwith | and G.
This map will often not be injective. For ead integer N > 0 we let
n N ©

Sn@) = k2G:jk ji
denotea discrete\cub e" or \b ox" in G cernteredatj 2 G. Welet I (j) denotethe
inverseimage of Sy (j) under a, i.e.,

InG) = a *(Sn() = fi21:a(i)2sn()e:

1.2. Notation for Frames and Riesz Bases. We use standard notations for
frames and Rieszbasesas found in the texts [Chr03], [Dau92], [Gro0]], [You01].

A sequence- = ngigm is a frame for H if there exist frame bounds A, B > 0
suc that A kf k? o) JhE;fiij2 B kfk? forall f 2 l. The analysis operator
T:H! “2(1)isTf = fhf;f;igi2,, andits adjoint T ¢c= i») Gifi is the synthesis
operator. pThe Gram matrix is TT = [if;;fjil;j21. The frame operator Sf =
TTf =, W;fiif; is a bounded, positive, and invertible mapping of H onto
itself. The canonical dual frameis F = S (F) = ffigi2; wherefi = S f;. We
call F a tight frame if we can take A = B, and a Parseval frame if we can take
A =B = 1. If F is any frame, then S '72(F) is the canonical Parseval frame
assciated to F. We call F a uniform norm frame if all the frame elemeris have
identical norms, i.e., if kfik = const: for all i 2 1. A frame is norm-bounded below
if inf; kf;k> 0.

A sequencewhich satis es the upper frame bound estimate, but not necessarily
the lower estimate, is called a Besselseguen® and B is a Besselbound.

A sequence- = ffigi», that is a frame for its closedlinear spanin H is called
a frame seuen@. In this caseF = ffjgi2; will denote its canonical dual frame
within span(F).

A frameis a basisif and only if it is a Rieszbasis. A Rieszsegjuene is a sequence
that forms a Rieszbasisfor its closedlinear spanin H.

2. Density, Localiza tion, HAP, and Rela tive Measure

2.1. Densit y. Givenanindex setl andamap a: | ! G, we de ne the density
of I by computing the analogueof the Beurling density of its imagea(l ) asa subset
of G. Note that we regard | asa sequenceand hencerepetitions of imagescount
in determining the density.
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De nition 2.1 (Density). The lower and upper densitiesof | with respect to a are
coe e JIn()) v - i ()i
liminf inf - = D" (I;a) = limsupsup: =)
N1 j2G JSn(])] (1:2) N 1L ij(EJSN(J)J

respectively. Note that 0 D (I;a) D*(l;a) 1. WhenD (l;a) =
D*(l;a) = D wesay | hasuniform density D.

21) D (l;a =

Theselower and upper densities are only the extremesof the possibledensities
that we could naturally assignto | with respect to a. In particular, instead of
taking the in m um or suprermum over all possiblecerters in (2.1) we could choose
one speci ¢ sequenceof certers, and instead of computing the liminf or limsup we
could consider the limit with respect to someultralter. The dierent possible
choicesof ultra lters and sequence®f certers givesthe following natural collection
of de nitions of density.

Denition 2.2. Let p be afreeultralter, andlet c= (cy)n2n be any sequence
of certers cy 2 G. Then the density of | with respect to a, p, and cis

= ey = i JIN(ENDT
BP0 = Dlpiclia) = B jsw @i
2.2. The Localization Prop erties. We introduce a collection of de nitions of
localization, given in terms of the decay of the inner products of the elemerts of
one sequence- with respect to the elemens of a referencesequencekt.
The words \column" and \row" in the following de nition referto the | G
cross-Grammian matrix [Hfi;gili2i;j2c. We think of the elemerts in locations
(i; a(i)) ascorresponding to the main diagonal of this matrix.

De nition 2.3 (Localization). Let F = ff;g> and E = feggj2c be sequences
in H.
(&) We say F is "P-localized with respect to thngeferencesequenceE and the
map a, or simply (F;a;E) is "P-localized, if ~ ;,5 supz; jhfi;e.ae)iiP <
1 . Equivalently, there must exist anr 2 "P(G) such that

8i21;, 8j2G; jnfi;gi  rag j:
(b) (F;a;E) has "P-column decay if for every " > 0 there is an integer N- > 0
so that X
8j 2 G; jfigiP < "
i2lnin.(j)

(c) (F;a;E) has "P-row decay if for every " > 0 there is an integer N- > 0 so
that

X
8i2l; jhfisegi? < ™
j2GnSn. (a(i))
2.3. The Appro ximation Prop erties. The following approximation properties
extract the essenceof the HomogeneousApproximation Property that is satis ed

by Gabor frames (see[RS94, [GRI6], [CDH99]), but without referenceto the exact
structure of Gabor frames.

De nition 2.4 (HomogeneousApproximation Properties). Let F = ff;gj»; bea

frame for H with canonicaldual F = ffigi>,, and let E = fe gjo.c be a sequence
in H.
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(@) (F;a;E) hasthe weak HAP if for every " > 0, there is an integer N > 0
sothat for everyj 2 G we havedist g; span f7:i2 In.(j) <.

(b) (F;a;E) hasthe strong HAP if for every " > 0, there is an integer N+ > 0
sothat for everyj 2 G we)?ave

g hg;fiif7 < ™
i2In.(j)

De nition 2.5 (Dual HomogeneousApproximation Properties). Let F = ffgiz,
be a sequencein H, and let E = fejgj2c be a frame for H with canonical dual
E=fege.
(@) (F;a;E) hasthe weak dual HAP if for every " > 0, thereisanintegerN- > 0
sothat for every i 2 | we havedist f;; span g :j 2 Sy.(a(i)) < ".
(b) (F;a;E) hasthe strong dual HAP if for evey " > 0, there is an integer
N- > O sothat for everyi 2 | we have f; i2su.aiptfireig <"

2.4. Relations Among the Localization and Appro ximation Prop erties.
The following theorem provedin [BCHLO5b] summarizesthe relationshipsthat hold
amongthe localization and approximation properties. We exhibit counterexamples
in [BCHLO5b] to most of the converseimplications.

Theorem 2.6. If F = ffigi2y and E = fgg2c are sequencesn H then the
following statemerts hold.
(@) If F is a frame for H, then “2-column decay implies the strong HAP.
(b) If F is a frame for H and sup ke k < 1, then the strong HAP implies
*2_column decay.
(c) If Eis a frame for H, then “2-row decay implies the strong dual HAP.
(d) If Eisaframefor H and sup kfik < 1 , then the strong dual HAP implies
*2-row decay.
(e) If F is aframe for H, then the strong HAP implies the weak HAP. If F is
a Rieszbasisfor H, then the weak HAP implies the strong HAP.
(f) If Eisaframefor H, then the strong dual HAP implies the weak dual HAP.
If Eis aRieszbasisfor H, then the weak dual HAP implies the strong dual
HAP.
(g f D*(l;a) <1 and1 p < 1, then "P-localization implies both “P-
column and “P-row decyy.

For the casethat F and E are both framesfor H and the upper density D* (I ; a)
is nite, theserelations can be summarizedin the diagram in Figure 1.

2.5. Self-Lo calization. It is also useful to consider localizations where the sys-
tem F = ffig, is comparedto itself or to its canonical dual frame instead of
to a referencesystemE. An analogouspolynomial or exponertial \in trinsic local-
ization" was independertly introduced by Grechenig in [Gre03; seealso [For03],
[GFO4]. Although there is no referencesystem,we still requireamappinga: 1! G
assciating | with a group G.

De nition 2.7 (Self-localization). Let F = ff;gi», be a sequencen H.
(@) (F;a) is "P-self-localized if there existsr 2 "P(G) such that

8ijj 21; jhfi;fjij lag) agj):
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Weak HAP Weak Dual HAP

>

Strong Dual HAP
Strong HAP I Zlocalized

=1 2-column decay

.

Figure 1. Relations among the localization and approximation
properties for p = 2, under the assumptionsthat F, E are frames
andD*(l;a)< 1.

(b) If F isaframe sequencethen (F;a) is "P-localized with respect to its canon-
ical dual frame sequene F = ffjgi», if there existsr 2 "P(G) such that

8irj 215 jhfiifiii  ragy ag):
We show in [BCHLO5b] that “!-localization with respect to the dual frame does
not imply “!-self-localization. Howewer, the following result proved in [BCHLO05a]
states that the cornverseis true. The proof relies on an application of a type of

noncommnutative Wiener's Lemma that was independertly derived by Baskakov
[Bas9( and Sjestrand [Sj®95.

Theorem 2.8. Let F = ff;gj», beaframefor H, and assumethat D* (l;a) < 1 .
Let F be the canonical dual frame and S '7?(F) the canonical Parse\al frame. If
(F;a) is "!-self-localized, then:

(@) (F;a) is "!-localizedwith respect to its canonical dual frame F = ffjgi,,
(b) (F;a) is “l-self-localized, and
(c) (S '2(F);a) is "‘-self-localized.

2.6. Relativ e Measure. We now de ne the relative measureof frame sequences.

De niton  2.9. (a) Let F = ffigi>; and E = feggj2c be frame sequencesn H.
Let Pr, Peg denote the orthogonal projections of H onto Span(F) and span(g),
respectively. Then given a free ultra lter p and a sequenceof certers c= (cn)n2n
in G, we de ne the relative measure of F with respect to E, p, and c to be

1 X
M g(F;p;c) = plim —— hPef; fii:
e(Fipic) RIZN JlN(CN)Ji2|N(cN) B

The relative measure of E with respect to F is

X
Mk (E;p;c) = p-lim

P hPre;gi:
nN2N JSn(en)i P

j2Sn (en)

(b) If span(E) span(F) then Pg is the identity map and E plays no role in
determining the value of M g(F ; p;e). Therefore, in this casewe de ne the measure
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of F with respect to p and c to be
X

Hi; f7i:
N (en)

1
M (F;p;c) = plim ——
(Fipi9 EIZN J|N(CN)Ji2|

Since0 H;;fji  1foralli, it followsthat O M (F;p;c) 1.
We further de ne the lower and upper measures of F by

M (F) = liminf inf ——— Hi; f3i;
(F) NIl j2G le(j)jiZIN(j) b
. 1 X .
M *(F) = limsupsup ——— Hi; f7i:
NIL  j2G JIN(J)JiZIN(j)

(c) When span(F) span(E), we de ne the measuresM (E;p;c) and M (E) in
an analogousmanner.

Example 2.10. If span(E) span(F) and F is a Rieszsequenceahen H;fji = 1
foreveryi21,soM (F;p;e)=M*(F)=M (F)= 1

Likewise,if span(F) sSpan(E) and E is a Riesz sequencethen tg;; gi = 1 for
everyj2G,soM (Ep;c)=M*(E)=M (E) =1

3. Density and Over completeness

3.1. Necessary Densit y Conditions. Following are two necessaryconditions on
the density of localized frames proved in [BCHLO5a].

Theorem 3.1 (NecessaryDensity Bounds).

(a) AssumeF = ffigi» isaframefor H and E= fe g2 is a Rieszsequence
in H. If (F;a;E) hasthe weak HAP, then

1 D (I;a) D*(I;a) 1:

(b) AssumeF = ff;gi» is a Rieszsequencen H and E = feg gj2¢ is a frame
for H. If (F;a;E) hasthe weak dual HAP, then

0 D (l;a) D*(l;a) 1

Theorem 3.2 (NecessaryFinite Density Condition). Let F = ff;gi», be a Bessel
sequencan H, and supposeinfiy; kfik > 0. AssumeE = fe gj2¢ is aframefor H.
If (F;a;E) has 2-row decay, then D* (l;a) < 1.

3.2. The Connection Between Densit y and Relativ e Measure. The follow-
ing theorem proved in [BCHLO5a] presens the fundamertal relationship between
density and relative measurefor localized frames.

Theorem 3.3 (Density{Relativ e Measure) Let F = ffigi>; and E= feg2c be
frame sequencesn H. If D*(1;a) < 1 and (F;a;E) has both “?-column decay
and “2-row decay, then for every sequenceof certers ¢ = (cy)n2n in G and any
free ultra Iter p,

Mk (E;p;c) = D(p;c) M e(F;p;0):

Specializing to the casewhereF and E are both framesfor H yields the following
result [BCHLO5a].
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Theorem 3.4 (Abstract Density Theorem). Let F = ffigi»; and E = feggj2c

be framesfor H, and supposethat D* (1;a) < 1 . If (F;a;E) hasboth “2-column
decay and “2-row decay, then the following statemerts hold.

() For ead free ultralter p and sequenceof certers ¢ = (cy )nan In G, we
have M (E;p;c) = D(p;c) M (F;p;c). Consequetly,

M (E) D'(:;a) M (F) M*(E):;
M (E) D (l;:a) M*(F) M*(E):

(b) If D*(I;a) > M * (E), then there exists an innite setJ | sud that
ffidio ny is still aframe for H.

If Eis a Rieszbasisfor H then the following additional statemerts hold.
(c) For ead free ultralter p and sequenceof certers ¢ = (cy)n2n N G, we
have
1 _ 1

M (F;p;0) = FFE;MWH—ETEZ

1
_ F =
by V)
(d D (I;a 1.

(e) If D*(1;a) > 1, then there exists an in nite subset J | suc that

ffidio ny is still aframe for H.

(f) If F is alsoa Rieszbasisfor H, then for eac free ultra Iter p and sequence
of centers c= (cy )n2n In G, we have

D (I;a) = D(p;c) = D" (l;a) = 1;
M (F) = M(F;p;c) = M™(F) = L
Next we derive new relationships among the density, frame bounds, and norms

of the frame elemeris for localized frames[BCHLO5a]. In particular, if F and E are
both tight uniform norm frames, then the index setl must have uniform density.

Theorem 3.5 (Density{Frame Bounds). Let F = ff;gi», be a frame for H with
frame bounds A, B, and let E = fegj2c be a frame for H with frame bounds
E,F. If D*(l;a) < 1 and (F;a;E) hasboth *?-column decay and *?-row deca,
then the following statemerts hold.

(a) For ead free ultra lter p and sequenceof certers c= (cy )n2n IN G,

X . X
Emmgif ke K2 DgommTif Kf i K%;
N2N | N(CN)JjZSN(cN) N2N | N(CN)JiZIN(cN)

X .
émmgif ke k2 D%Q-'T—f Kf i k2:
N2N | N(CN)JjZSN(cN) N2N J N(CN)JiZIN(cN)
A lim inf; ke k? _ .o B lim sup, ke k?
®) Eimsimke P Gd D e

(c) If F and E are both uniform norm frames, with kf k> = Ng fori 2 | and
kg k? = Ng for j 2 G, then

ANg

F Ng

B Ng
ENf

D (l;a) D*(I;a)
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Consequetly, if F and E are both tight uniform norm frames, then | has
uniform density, with D (1;a) = D* (I;a) = (ANg)=(E Ng).

3.3. Removing Sets of Positiv e Measure. The following result states that in
any su cien tly localized overcompleteframe, there is a subsetof positive measure
may be removed yet still leave a frame [BCHLO5a].

Theorem 3.6 (Positive Uniform Density Removal). Let F = ff;gi»; be a frame
sequencevith frame bounds A, B, and assumethat the following statemerts hold:
(@ 0<D (l;a D*(l;a<1,
(b) (F;a) is “‘-localized with respect to its canonical dual frame, and
(c) M*(F)< 1.
Then there exists a subsetJ | suchthat D*(J;a) = D (J;a) > 0Oand F,,; =
ffigio1ny is a frame for span(F).

3.4. Localized Frames and "-Riesz sequences. Feichtinger has conjectured
that every frame that is norm-bounded below can be written as a union of a -

nite number of Rieszsequencegsystemsthat are Rieszbasesfor their closedlinear
spans). It isshown in [CCLV03], [CV03], [CTO5] that Feichtinger's conjecture equiv-
alert to the celebratedKadison{Singer (paving) conjecture, and that both of these
are equivalent to a conjectured generalization of the Bourgain{Tzafriri restricted
invertibilit y theorem.

The following result [BCHLO5a] states that every norm-bounded frame that is
*l.self-localizedis a nite union of "-Riesz sequences A Rieszsequence figiz, is
an "-Riesz sqquene if there exists a constart A > 0 such that for every sequence
(G)i21 2 “?(1) we have

X X 2 X
@ A  jaj? Gifi L+MA o
i21 i21 i21
Theorem 3.7. Let F = ffigi», beasequencen H. If
(@) (F;a) is !-self-localized,
(b) D*(l;a)< 1, and
(c) inf; kfik> 0,
then for eah 0 < " < inf; kfjk, F can be written as a nite union of "-Riesz
sequences.

4. Applica tions to Gabor Systems

In this sectionwe preser newresults on the properties of arbitrary or \irregular"
Gabor systems.

For simplicity of preseration, most of our results will be stated for the case
of Gabor frames for all of L?(RY), but most can be extended to the caseof Ga-
bor frame sequencespr to Gabor frameswith multiple generators,by making use
of the machinery deweloped in [BCHLO5a], [BCHLO5b]. Moreover, as showvn in
[BCHLO5b], most of the results stated here can be extendedfrom Gabor framesto
more general frames of Gabor molecules(seeDe nition 4.8).

4.1. Gabor systems and the reference system. A genericGabor systemgen-
erated by a function g 2 L2(RY) and a sequence R 24 will be written in any of
the following forms:

Gg) = fM!Txgg(x;! 2 = fe? ! tg(t X)g(x:! 2. = fggoa :
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In the casethat G(g; ) is a frame sequencewe let

G=fgg:

denote the canonical dual frame sequenceput it is important to note that while
g is atime-frequency shift of g, it neednot be the casethat the functions g are
time-frequency shifts of a single function. We addressthe question of the structure
of the dual frame in more detail in Section4.6.

Our referencesystemswill be lattice Gabor systemsindexed by the group

G= z¢ z%
where , > Oare xed scalars. That is, our referencesystemshave the form
G(; G) = &(; z¢ Z% =M Tu g wee = M Tk Genaze:

The canonicaldual frame of a lattice Gabor frame sequences another lattice Gabor
frame sequenceG( ~; G), generatedby somedual window ~2 L?(R¢Y). Usually the
referencesystem makesan appearanceonly during the courseof a proof, and does
not appear in the statemert of most of the theorems.

4.2. Cub es and the a mapping. A natural mapa: ! G isrounding to anear
elemern of G, i.e,,

ax;!') = Int X; Int Lt ; x;1)2 ;
where Int(x) = (bx1c;:::;bXqC).

Givenz = (x;¥) 2 R, let Q,(z) = Q;(x;y) denote the closed cube in R
certered at z with sidelength r. Then givenj 2 G= 7% 79 we have

Sn() = G\ Qu() and In() = a G\ Qu():

Note that 1 (j) isvery nearly \ Qu (j), exceptfor the e ect of rounding o points
via the a map. Thus

isv@) =G\ Qu(i () INZ
NG = ja "GV QnGNi i\ Qn(i:

(4.1)

4.3. Densit y and Measure. Let Dg () denotethe standard upper Beurling den-
sity of . Then this is related to our de nition of the upper density of with respect
to a asfollows:

D5 ()

- i\ On()i
[ T =N/
S

1. i ()i 1 -

imsup sup : = = D7 ( ;a):

( )4 N 2 za zaiSn()i ()
Similarly the lower Beurling density of isDgz() =( ) dp ( ;a). In light of
this, we de ne the Beurling density of with respect to a free ultralter p and a
sequenceof certers c = (cy )n2n N R24 to be

ol = dn( -an e = g o ia f(G\ Qn(on))i.
DB(I p!C) - ( ) D( ,a,p,C) - ( ) ng JG\ QN(CN)j

Our results for Gabor systemswill all be stated in terms of theseBeurling densities.
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The measureof a Gabor frame sequences(g; ) with respectto afreeultralter p
and a sequenceof certers ¢ = (cy )n2n iN R% s
1 X
M (&(g; ); pic) = plim — . g gi:
G\
nan ja MG\ Qnulen))i 1(G\ On (o )

By making the approximations in (4.1) precise, we can reformulate the above
guantities sothat it is clear that the density and measuredo not depend on the
choiceof , (analogousreformulations of the upper and lower density and mea-
suresalso hold under the samehypotheses).

Lemma 4.1. Let R2d pe given.

(@ If Dg() < 1, then for any ultralter p and any sequenceof certers
c= (cn)n2n in R?9,

o\ Qn(en)i.
N2d '

(b) Let g 2 L%(RY) be given. If 0 < Dg() Ds() < 1, then for any
ultra lter p and any sequenceof certers ¢ = (cy)n2n iN R?,

. 1 X .

MG PO = R T e @l , gy O
4.4. Localization of Gabor Systems. For most applications in time-frequency
analysis, the generator of a Gabor system must possessomeamount of joint con-
certration in both time and frequency Concertration is quarti ed by the norms of
the modulation spaceswhich are the Banacdh function spacesnaturally assaiated
to time-frequencyanalysis. The modulation spaceswereintro ducedand extensively
studied by Feichtinger, e.g., [Fei81], [FG894d], [FG89b]. We refer to [Greo0]] for de-
tailed discussionof the modulation spacesand referencesto the original literature.

For our purposes,the following special caseof unweighted modulation spaceswill
be su cien t.

De nition  4.2.

(@) The Short-Time Fourier Transform (STFT) of a tempered distribution
g2 SYARY) with respectto a window function 2 S(RY) is

Vox!) = hgM, Ty i, (x;1) 2 R4

Dg(; p;c) = p-lim
N 2N

(b) Let (x) = 2%%e *X bethe Gaussianfunction. Thenfor1 p 1, the
modulation spaceM P(R %) consistsof all tempereddistributions f 2 SARY)
suc that

YA 1=p
(4.2) kf kmp = KV fkio = jhf; M, Ty ijPdxd! < 1:
R 2d

MP is a Banach spacefor eah 1 p 1, and any nonzerofunction g2 M?
can be substituted for in (4.2) to de ne an equivalent norm for MP. We have
M2=1L1L2%2andS( MP( M9 ( S°for1 p<gqg 1, whereS isthe Schwartz
class. The box function [o.q; liesin MP for p> 1, but is not in M %,

In addition to the modulation spaceswe will alsoneedthe following special case
of the Wiener amalgamspaceson R2¢. A comprehensie theory of amalgam spaces
on locally compact groupswasintro duced by Feichtinger, starting with [Fei8(. We
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refer to [Hei03] for an introduction to Wiener amalgamson Euclidean space,with
extensive referencego the original literature.

Denition 4.3. Givenl p 1, the Wiener amalgam W (C, P) consistsof all
continuous functions F on R?¢ for which
X 1=p
KFkw (c;ry = sup jF (u; )jP < 1,;
(k:n)2z2d (u; )2Q; (k; n)

whereQ. (x;y)=1[0; )¢ [0; )+ (x;y).

W (C, P) is a Banach space,and its de nition is independen of the values of
and in the sensethat eat choiceof , vyields an equivalent norm for W(C, *P).

The next result shows that if the generator of our referencesystemis an M !
function |, then ((g; ) ; a; G(; G)) is "P-localizedwhenewr g2 M P [BCHLO5b].

Theorem 4.4. Let g2 L?(RY) and R2d be given. Let 2 L?(RY) and ,
> 0 begiven,and x 1 p 2. Then the following statemerts hold.
(@ Ifg2MPand 2 M?then (G(g;) ; a; G(; G)) is “P-localized.
(b) Suppose 2Mtand , > Oaresud that G(; G) is aframefor L2(RY).
If (G(g;) ;a G(; G)) is P-localized,then g2 MP,
(c) fg2Mtand 2 MPthen (G(g;) ; a; G(; G)) is “P-localized.
(d) If g2 M* then (3(g; ) ;a) is "*-self-localized.

4.5. Densit y and Overcompleteness for Gab or Systems. Parts (b) and (c)
of the following theorem are new results for Gabor framesand give a new interpre-
tation of the density in terms of the measureof the frame [BCHLO5b]. Parts (a)
and (d) recover the known density facts for irregular Gabor frames. Part (e) is
the special caseof lattice systems,and is related to the Wexler{Raz conditions for
lattice Gabor frames[Jan95, [DLL95].

Theorem 4.5. Let g 2 L?(RY) and R2d pe such that G(g; ) is a Gabor
frame for L2(RY). Then the following statemerts hold.

@1 Dg() DH() <1.

(b) For any free ultra lter p and any sequenceof certers ¢ = (cy )n2n N RY,

M (&(g; ); pic) = ﬁ3
1
M ; = ——andM* ; = .
@M (&@) = gre-adM (@) = 5=
(d) If Q(g; ) is aRieszbasis,then Dg() = D5 () = 1.
e 1f = z4 ZzdthenO< landhy;gi = ()9,

The following result derivesnew relationships betweenthe density, frame bounds,
and norm of the generator of an arbitrary Gabor frame [BCHLO5b]. The special
caseof lattice systemswas proved by Daubedies[Dau90, Eq. 2.2.9].

Theorem 4.6. Let g 2 L?(RY) and R2d pe such that G(g; ) is a Gabor
frame for L2(RY), with frame bounds A, B. Then the following statemerts hold.
(@ A Dg() kgk¥  DZ() kgkd  B.
(b) If G(g; ) is atight frame, then has uniform Beurling density, that is,
Dg() = Dg(), and furthermore A = Dy () kgks.
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kgk3
()

The following result states that subsetswith positive density may be removed
from an overcomplete Gabor frame yet still leave a frame [BCHLO5b].

Theorem 4.7. Let g 2 L?(RY) and R2d pe such that G(g; ) is a Gabor
frame for L2(RY). If g2 M! and D5() > 1, then there exists J with
D;(J) = Dg(J) > Osudch that G(g; nJ) is a frame for L2(RY).

() If = z9 Z9 then A B.

4.6. Localization and Structure of the Canonical Dual Frame. The term
\molecule" in the following de nition arisesfrom the corvertion that the generator
g of a Gabor system G(g; ) is often referredto as an \atom."

De nition  4.8. Let R2 andf 2 L%(RY) for 2 begiven. Then F =
ff g, isasetof Galor moleculesif there existsan envelog function 2 W(C; ?)
such that forevery 2 andz2 R wehavejVf (2)j (z ).

Thus, if is concerirated around the origin in R?4, then the STFT of f is
concerrated around the point . Every Gabor system G(g; ) is a set of Gabor
molecules,asjV g (2)j = jV 9(z )j for every z, . It can be shown that the
de nition of Gabor moleculesis unchangedif we replacethe Gaussianwindow by
any window function 2 M1

Greochenig and Leinert [GLO4] proved that if is a lattice then the canonical
dual frame of a lattice Gabor frame generatedby a function g 2 M ! is generated
by a dual window that also lies in M ! (they also obtained weighted versions of
this result). Their proof relied on deepresults about symmetric Banach algebras.
The following result proved in [BCHLO5b] holds in the general setting of irregular
Gabor frame sequences.Note in particular that this result also appliesto Gabor
Riesz sequences.

Theorem 4.9. Let g2 M?! and R?2d pe such that G(g; ) is a Gabor frame
sequencen L?(RY), with canonical dual frame sequenceG = fg g » . Then the
following statemerts hold:

(@ g 2Mtforal 2,

(b) sup kg ky: <1, and

(c) Gis a set of Gabor moleculeswith respectto an ervelope 2 W(C;1).

Furthermore, the sameconclusionshold when G is replaced by the canonical Par-
sewal frame S 72(G(g; )).
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