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Outline

> Introduction:
> Jacabi bound for ODE systems
> Ritt's proof of the Jacabi bound for linea systems
> Motivation for our bound on the order of denvatives

> Bound for the specid caseof 2 variables

> (Genedl case: n variables
> What if the set of leading variablesis xed?
° How can the set of leading variableschange?

> Wedk d-triangular sess (E. Hubert's modi cation of
the Rasenfeld-@bneralgorithm)

> Algelraic reduction w.r.t. a wed& d-triangular set
preseving the bound

> Find algorithm and proof of the bound
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N

N otatl on

K is an ordinay di®eential eld of chaacternstic zero
with denvation £: K ! K:

Ha+ b) = Ha) + Hb); Hab) = Ha)b+ axb):

+Y=fM"yjy2Y;: m=0;12:::9isthesetof
derivatives

KfYg= K[! Y] endavedwith +: KfYg! KfYgis
the di®eential ring of di®eential polynomias.
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Jacobi bound for linear systems

> @vena systemof n linea di®eential polynomials

whichfor every y 2 Y impliesan equdion in y alone.

“ Letaj = ordy Li, 1- i;j - n
(here we assumethat ordy f = j1 If f doesnat involve
any denvativesof y)

> For a pemutation %2 Sy, let
dy,= aqy1) + 111+ Anyn)

be cdled a diagonalsum
> Let h = maxy S, dy,,
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Jacobi bound for linear systems

Theorem [Ritt, 1935] There existsa triangular systemof

P
and satisfying  ordy, Rj - h:
i=1

Proof...

> Show that ther exsts a nit e diagona sum.
> Considerelimindion rankingy; > ::: > yn.

> If aj1 participaesin a maximum diagona sum,then
reducton w.r.t. L;, If it is possible,doesnat increaseh.
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Jacobi bound for linear systems

Theorem [Ritt, 1935] There existsa triangular systemof

P
and satisfying  ordy, Rj - h:
i=1

Proof...
If suchreductons are nat possiblethisis becaise

> Onlyonel; involvesy; ) proceedsimilaly with the
elimindion of yo;:::;yn; 1.

Without lossof genesglity, assumethat i = n.
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Jacobi bound for linear systems

Theorem [Ritt, 1935] There existsa triangular systemof

P
and satisfying  ordy, Rj - h:
i=1

Proof...

that
a1t it apj 1nj 1
IS maxima. Thissumis nite.
> Thenone can reducelL, w.r.t. L1 without increasingh.
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N otatl on

> Fixaranking<: atotal orderon denvativessuchthat
forall u;v2 £tY

u< ] and [u<v ) < ]
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> Fixaranking<: atotal orderon denvativessuchthat
forall u;v2 £t Y

u< ] and [u<v ) < ]

> For a polynomid f , let us = #y; be the deiivative of
the highestrank w.r.t. - occuringin f. Then

f =ifufl + g(ur); degg< d:
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> For a polynomid f , let us = #y; be the deiivative of
the highestrank w.r.t. - occuringin f. Then

f =ifufl + g(ur); degg< d:

2 v =y Idf = up; rkf = ud; s = s
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N otatl on

> Fixaranking<: atotal orderon denvativessuchthat
forall u;v2 £t Y

u< ] and [u<v ) < ]

> For a polynomid f , let us = #y; be the deiivative of
the highestrank w.r.t. - occuringin f. Then

f =ifufl + g(ur); degg< d:

2 v =y Idf = up; rkf = ud; s = s

> Ranksu$* and u® can be compaedw.r.t. <:

U< u® () [ui< uglorfuy= uzandd; < dy:
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Some basics of di®erential algebra

> Polynomid f Is algebaically reduced w.r.t. g, if
deg,, f < deg,, 0.

2 f is partially reduced w.r.t. g, if f isfreeof +<ug, k > 0.

> f is (fully) reduced w.r.t. g, If f Is algelraicdly and
patially reducedw.r.t. g.

> Set A Is autoreduad, If every elementof A is reduced
w.r.t. ewery otherelementof A.

> For an autoreducedset A, let min A dende the
polynomiad in A of the least rank.

> For autoreducedses A and B, rk A< rkB I®

[rk B ¥2rk A] or [min(rk AnrkB) < min(rk B nrk A)]:

The Kolc hin Seminar in Differen tial Aloebra. Marc h 18 2006 { paoce 7/26



Reqgular ideals
For any nit e polynomid ses A; H, ided
[A]:H! =ffjoh2H! hf 2[Alg

IS di®eential.

Ided [A]: H! iscdledregular, if
> A Is autoreduced
*HYT Ha=fis;s ) f 2 Ag
> H Is patially reducedw.r.t. A.

Theorem . [Boulieret al, 1995] Regular ideals are
radical.

Rosnefeld's Lemma. If di®etential ideal [A]: H?! is
regular and polynomial f is partially reduced w.r.t. A,
then

f 2[A]:HY () f2(A):H?!
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Regular decomposition

> The Rosenfeld-@bneralgorithm yieldsa reqular
decamposition of a radicd di®eential ided:

\k
fFg= Ri; R =[A]:H!:
=1

> There exst excient algebaic methods
(plus paallel and modular Monte-Carlo algorithms
curently underdewelgomentby M. MorenoMaza et al)
for computing a reqular decanposition of a radicd ided:

p_ \ .
G= Ji;  Ji = (Aj) : H;i-:

=1
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M oti vation for our bound

> Givena system of di®eential polynomids F, nd a
numler d, sotha ewely algelraic reqular decamposition
of theradicd algelraic ided

SJu— .
F@: FO=ftOjf2F, 0- i dg

\ yields"a reqular decamposition of f Fg.

> First step: esimate the order of di®eental
polynomias in a regular decamposition

\K
fFg= [Ai]:H{:
1=1
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Rosenfeld-Grdbner algorithm

Algorithm Rosenfeld-Grgbner(Fo)
| nput: A nite set of di®eaential polynomials Fg T
Output: A nite set T of regular systems such that f Fog = (aH 27 [A] T H 1
= ?
U:=f(Fo;?)g
while U 6 ? do
Take and remove any (F;H) 2 U
Let C be an autoreduced subset of F of the leag rank
R := d-rem(F nC;C) nfQg
if R= 7 then
if 162C): (d-rem(H:C)[ Hc)' then T := T[ f(C:;drem(H;C)[ Hc)g
else
U:=U[f(C[ RjH[ Hc)g
end if
U=U[ f(F[ fhgH)jh 2 Hc; h2 Kg
end while
return T
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Special case: n= 2

> Let F %2 Kfty; zg.

* Let my(F) and m(F) be thethe maxima orders of
denvativesof y and z occuring in F.

2 Let M (F) = my(F) + my(F).
Lemma. For all (F;H) 2 U in the Rosenfeld-Ggbner

algorithm,
M(F) - M(Fo):

Proof...
Show that M (F) canna increasein the Rosenfeld-@bner

algorithm:
> Let (F;H) 2 U.
> Let C be an autoreducedsubsetof F of the least rank.
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Special case: n= 2
> Let F %2 Kfty; zg.

* Let my(F) and m(F) be thethe maxima orders of
denvativesof y and z occuring in F.

2 Let M (F) = my(F) + my(F).

Lemma. For all (F;H) 2 U in the Rosenfeld-Ggbner
algorithm,
M(F) - M(Fo):

Proof...
> JCj - 2.
> Let R = d-remlF nC;C).
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Special case: n= 2
> Let F %2 Kfty; zg.

* Let my(F) and m(F) be thethe maxima orders of
denvativesof y and z occuring in F.

2 Let M (F) = my(F) + my(F).

Lemma. For all (F;H) 2 U in the Rosenfeld-Ggbner
algorithm,
M(F) - M(Fo):

Proof...
2 LetjCj = 1. Without lossof generlity, Id C = fy(d)g.
" my(C[ R)=ady, m(C[ R) - mz(F)+ (my(F)i dy).
> TherefaeM (C[ R) - M (F).
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Special case: n= 2
> Let F %2 Kfty; zg.

* Let my(F) and m(F) be thethe maxima orders of
denvativesof y and z occuring in F.

2 Let M (F) = my(F) + my(F).

Lemma. For all (F;H) 2 U in the Rosenfeld-Ggbner
algorithm,
M(F) - M(Fo):

Proof...
> LetjCj= 2. ThenldC = fy(®);z(%)g and

M(C[ R)=dy+ d; - M(F):
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Special case: n= 2
> Let F %2 Kfty; zg.

* Let my(F) and m(F) be thethe maxima orders of
denvativesof y and z occuring in F.

2 Let M (F) = my(F) + my(F).

Lemma. For all (F;H) 2 U in the Rosenfeld-Ggbner
algorithm,
M(F) - M(Fo):

Proof...

> Findly, If G%2F [ Hg, thenM (G) - M (F).
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General case; xed leading variables

> Let C bean autoreducedsubsetof F of theleast rank

with
IdC—fy(dl),)ﬁ((dkg
> Then
8
< d: 1= 1000k
mi(C[R) ; mi(F)+ max(mj(F)i o), 1=k+L:n
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General case; xed leading variables

De ne

XK hd o
Mivc(F)=Myy ((F)=(ni k) mi(F)+ mi(F) (1- JCj<n):

i=1 i=k+1
Then inequality (

di: 1= 1:::::k
mi(C[ R)- mi(F)+1m_an(mj(F)i d); i=k+1:::;n
o

implies:

M|VC(C[ R): |\/|y1 ..... yk(C[ R):

0= My |
(ni k) mi(C[ R)+ mi(C[ R) -

=1 i=k+1
(nj k)._1 di + __F: 1 mi(F)+ (nj k) 1mja_1xk(mj (F)i dj) -
R p
(ni k)_:1 m;i (F) + . mi (F)i
i (nj k) _Pl (mi(F)ij di)+ (nj k) 1r_nja_1xk(mj (F)i dj) - Myc(F):
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Changing leading variables

> A non-leading variable y+1 becanesleading

P1 P

(ni ki 1) m(F)+ mi(F) -
i=1 I=k+2

My v (F)Y+ (N Ki 2)Mgsr (F) -

(nl Ki )My, .y (F):

> A leading variable becanesnon-leading make sure this
doesnat happen!
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Leading variables become non-leading

Example 1:
2 F=fx;x%+ Z,y°+ 29, X> Yy > 7
2 C=fx;y?+ zg,IvC = fx; yg
> R=d-remF nC;C) = fzg
2 F1=C[ R=fx y?+ z;zg
> C1=1x;209,IvCy = fX; zg
y2IvC buty62vCq

y disgpeaed from leading variablesonly temyorarily:
reducey? + z w.r.t. z, and y becanesa leading variable

again.

) onecan try to replace autoreducedset by wedk
d-triangular sets in the Rasenfeld-@bneralgorithm

N

N

N
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Leading variables become non-leading

Example 2:
2 F=fx;x%+ z;2y°g, X >y > Z
2 C=fx;zy%g, IWC = fx;yg
> R=d-remF nC;C) = fzg
2 F1= C[ R = fx; zy? zg
> C1=1x;209,IvCy = fX; zg
y disgppeaed from leading variablespemanently:

N

zy’! , 0;

N

Observati on: Inthecomponent(F1;H1), wher
Hi=H][ Hc,wehavez2 F1\ H4, hence

fFig:Hi = (1):
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Di®erentially triangular sets

> A setof polynomids A is a weak di®elentially
triangular set if Id A Is autoreduced.

> A wedk di®eentially triangular set A is di®eentially

triangular, if every elementof A Is patially reduced
w.r.t. theotherelemens of A.

> Onecan expand the de nition of reqular ideds [Hubert]:
Ided [A]: H! iscdledregular, if
> A Is di®eentally triangular
*HY sa
> H is partially reducedw.r.t. A.
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Modi ed Rosenfeld-Grdbner algorithm

A lgorithm Rosenfeld-Grébner(Fo) (based on [Hubert, 2001])
| nput: A nite set of di®eaential polynomials Fq T
Output: A nite set T of regular systems such that f Fog = (aH 27 [A] T H 1
= ?
U = f(Fo nfmin Fog;fmin Fog; ?)g
while U 6 ? do
Take and remove any (F;C;H) 2 U
R = d-rem(F;C) nfQOg
if R=7? then T := T[ Autoreduce&Check(C,H [ H¢)
else C” = fp2 Cjlvp= Iv(min R)g
¢:=CnC”> [ fminRg # Note: C is aweak d-triangular set si.
F:=C[ RnfminRg # rkC<rkCandlvCp Ive.
H := d-rem(H [ He: C)
if 0624 then U:= U[ f(F;C;H)g
end if
U=U[ f(F[ fhg,C;H)jh2 Hc; h6Xg
end while
return T
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Reduction w.r.t. a weak d-¢ set

A lgorithm Rosenfeld-Grébner(Fo)
| nput: A nite set of di®eential polynomials Fo T
Output: A nite set T of regular systems such that f Fog = (aH 27 [A] T H 1

while U 6 ? do

Take and remove any (F;C;H) 2 U

Let m; = maxfordy, f jf 2F [ Cg, 1= 1;:::;n

B := Di®eaentiate &A utoreduce(C;fm;gl; )

if B 6 ? then
R := alg-rem(F;B) nfOg
if R=7? then T := T[ Autoreduce&Check(C,H [ H¢)
else

end if
U=U[ f(F[ fhg;C;H)jh2 Hc; h62XKg
end if
end while
return T
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Algorithm Di®erentiate& Autoreduce

Algorithm Di®eaentiate &A utoreduce(C; f m; Q)
| nput: a weak d-triangular set C = Cq;:::;Cx with IdC = ygdl); Ll ;y,((d"),
and a set of non-negative integers f migi-; , mi , m;(C)
Output: set B =fB)j1- i- k;0- j- mij dg satisfying
B 1[C], tkBY=rkCi, rkB/ =y (j >0
iy 2HE +[CI( . 0)
B! is partially reduced w.rt. CnfCig
mi(B)- mi+ L (mjid),i=k+1:n
or ?, if it is detected that [C]: HE = (1)
fori:= 1to k do
B? := algrem(Ci;fBf j1- I<i; 0O<r- m;j dg)
if rk B°6 rk Ci then return ?
forj:=1to m;j d do
B/ := algrem(zB!' *; %(C nfCiqg))
if IdB! 6 y“*1) then return ?
end for
end for

return B
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Di®erentiate& Autoreduce Is correct

Lemma. Let C be a weak d-triangular set,and letf e a
polynomial suchthat Ivf 62v C andis 2 H} + [C]. Let
f 1 ¢cg. Then

> tkg6 rkf ) [C]:HL = (1)
2 rkg=rkf ) ig2 H} +[C]

 eBO =y

> Bi = alg-rem#BY; #C nfCg)
> Lemma) [C]:H& = (1) or

kB}=yi*™ and ig: 2 HE + [C].
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Di®erentiate& Autoreduce Is correct

Lemma. Let C be a weak d-triangular set,and letf e a
polynomial suchthat Ivf 62v C andis 2 H} + [C]. Let
f 1 ¢cg. Then

> tkg6 rkf ) [C]:HL = (1)
2 rkg=rkf ) ig2 H} +[C]

o
P
="
©
X
g
<
)
Q.
C
O
¢
~
O
e
O
~

N

) similaly forall B, 1< r < mqj dj.

T
Q
-
vy
[
o
O

oo B 4 we have:

B:%[C]; Hg, 2HE +[C]
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Di®erentiate& Autoreduce Is correct

Lemma. Let C be a weak d-triangular set,and letf e a
polynomial suchthat Ivf 62v C andis 2 H} + [C]. Let
f 1 ¢cg. Then

> tkg6 rkf ) [C]:HL = (1)
2 rkg=rkf ) ig2 H} +[C]

> BY = aIg—ren(Cz;fB(l);:::;B&m1I Wy
* C, is partially reducedw.r.t. Cz;:::;Cy and y\™* ",
| > mqj dj.

N

By Lemma two casesare possible:
> tkB3 = 1k Cp, igg 2 Hg + [B]%2H¢ + [C]
> [B]:H3 = (1)) I[Cl:H¢ = (1)

)
=]
Q
<
*
s
o
I}.DI—\
o
N3
.
o
X
\V
N
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Di®erentiate& Autoreduce Is correct
Inequaity

m;(B) - m; + (mjj di); 1=k+1L:::;n

follows from the fact that the two nesed loops
for i:= 1to k do

forj:=1to m;j di do

end for
end for
have i jk:l(mj i dj) Iterations, and at each iteration eeach
polynomid is di®eentiated at mast once.
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Final algorithm and bound

Algorithm Rose[n‘eld-Grébner(Fo)

Output: fFog = (AH 2T [A]: H! satisfying M (A) - (nj 1)IM(Fo); (A;H)2 T

T:=7?,U:=f(Fonfmin Fog;fmin Fog;?)g
while U 6 ? do
Take and remove any (F;C;H) 2 U
Let m; = maxfordy, f jf 2 F[ Cg,i=1;:::;n
B := Di®erertiate&Autoreduce(C;fmig’., )
if B 6 ? then
R := alg-rem(F;B) nf0Og
if R=7? then T := T[ Autoreduce&Check(C,H [ H¢)
else C> = fp2 Cjlvp= Iv(min R)g
¢ ;= CnC”> [ fmin Rg
F := C> [ Rnfmin Rg
H := d-rem(H [ Hga;C)
if 0628 then U:= U[ f(F;C;H)g
end if
U=U[f(F[ fhg;C;H)jh2 H¢; h62Kg
end if
end while
return T
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2

2

2

Final proof of the bound

o
mi(B) - mi+ (mjj dj), k<i-n

j=1
( di; 1- 1. Kk
m;(R) - v o
mi(B);, k<i-n
R P P
My c(R) - (nj k) di+ mij + (mij di)- Myc(F[ C)
i=1 = k+1 i= k+1

2 : .
Two casesare possile:

jCj < n: Again two cases:
2

iCj < n:
8
2 Myc(F[ C); vé=1IvC

My ¢(FLC)- _ (ni jvCji DMy c(F[ C); WC=NC[ fyg
' y 62v C

iz ME[E) =My B[ &) ME] C):

> jCj=n. Thenalsojéj=nand M(E [ ¢) . Pi”:l d - M(F[ C):

> Therefore M (A) - (nj DM (Fp).
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