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The setting is a fiber bundle π : E → M of manifolds modeled over C
(dimM = n, dimE = n + m). Let Z ⊆ Jkπ be a locally closed embedded
sub-manifold (a k-th order differential equation); and, fix p ∈ Z together with a
adapted chart (U, (xi, uα, uαI )) around p of Jkπ. We denote xi(p) = pi, uα(p) =
qα, uα(p)I = qαI .

Let I be the sheaf of ideals defined over U of sections of OJkπ�U vanishing
on U ∩Z. Note that if F ∈ Ip does not involve the uαI , |I| = k, then DiF ∈ Ip.

1 Setting the necessary and sufficient conditions
for a lifting of p to exist.

For F ∈ Ip, set

DiF (p) =
∂F

∂xi
(p) +

∑
α,|I|<k

∂F

∂uαI
(p)qαI+εi︸ ︷︷ ︸

D′
iF (p)

+
∑

α,|I|=k

∂F

∂uαI
(p)uαI+εi︸ ︷︷ ︸

D′′
i F (p)(uαI+εi

)

,

where D′iF (p) is a complex number and D′′i F (p)(uαI+εi) is a linear form on the
complex vector space with coordinates {uαI+εi}i,α,|I|=k.

The point p ∈ Z (the k-th order jet solution to the differential equation) can
be lifted to the first prolongation if and only if the system of equations

D′′i F (p)(uαI+εi) = −D′iF (p), F ∈ Ip, i ∈ {1, . . . , n}

has a solution. Alternatively, if we take a set of generators of Ip, F1, . . . , Fr,
then to solve the previous system of equation is equivalent the following system

D′′i Fj(p)(u
α
I+εi) = −D′iFj(p), j ∈ {1, . . . , r}, i ∈ {1, . . . , n}.

When one allows i to swipe the whole interval {1, . . . , n} the association:

(uαI+εi)i,α,|I|=k 7−→ (D′′i F (p)(uαI+εi))i
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is a map from the complex vector space with coordinates {uαI+εi}i,α,|I|=k, into
Cn. So the system of equation has a solution if and only if each vectors
(D′iFj(p))i is a zero of the linear forms annihilating the image of the map
(uαI+εi) 7→ (D′′i F (p)(uαI+εi)).

Namely, the system has a solution if and only if:∑
i,j

λi,jD′′i Fj(p) = 0, λi,j ∈ C =⇒
∑
i,j

λi,jD′iFj(p) = 0

2 Writing the conditions in terms of Koszul com-
plexes.

Denote by A = C[ξ1, . . . , ξn] the ring of polynomial in n-variables over C. We
look at A as a ring graded by degree, and we put T = A0 = Cξ1 + . . .+ Cξn.

We make from the free module of rank m over OJkπ,p an A-module, B, by
tensoring it. Explicitly:

B =
(
⊕αOJkπ,pδu

α
)
⊗C A

' ⊕αOJkπ,p[ξ1, . . . , ξn]δuα

where δu1, . . . , δum is a free basis. In particular, conveying the notation

ξIδu
α =: δuαI ,

where I is a multi-index, B has a natural graded A-module structure

B =
⊕
l≥0

(
⊕α,|I|=lOJkπ,pδuαI

)
Given F ∈ OJkπ,p we define the (k-th order) symbol of F to be the element

δF =
∑

α,|I|=k

∂F

∂uαI
δuαI

(“the differential of F modulo the dxi and the duαI , |I| < k”).
Going back to the D′′i F (p), we express the identity

∑
i,j λ

i,jD′′i Fj(p) = 0 in
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terms of the Koszul complex:

0 =
∑
i,j

λi,jD′′i Fj(p)

m

0 =
∑
i,j

λi,j

 ∑
α,|I|=k

∂Fj
∂uαI

(p)δuαI+εi


=

∑
i,j

λi,j

ξi ∑
α,|I|=k

∂Fj
∂uαI

(p)δuαI


=

∑
i

ξi
∑
j

λi,jδFj(p)

= d(
∑
i

ξi ⊗
∑
j

λi,jδFj)(p)

where d is the boundary operator in the Koszul complex K•(ξ,B):

d :

(
p∧
T

)
⊗B −→

(
p−1∧

T

)
⊗B

ξi1 ∧ . . . ∧ ξip ⊗ g 7−→
p∑
j=1

(−1)j+1ξi1 . . . ∧ ξ̂ij ∧ . . . ∧ ξip ⊗ ξijg

So that∑
i,j

λi,jD′′i Fj(p) = 0 ⇐⇒
∑
i

ξi ⊗

∑
j

λi,jδFj

 (p) ∈ Z[K1(ξ,Bk)(p)]

On the other hand the identity
∑
i,j λ

i,jD′′i Fj(p) = 0 is equivalent to the
fact that in the expression

∑
i,j λ

i,jDiFj(p) the uαI+εi vanishes, in particular∑
i,j

λi,jD′iFj(p) =
∑
i,j

λi,jDiFj(p).

Now we consider the situation over Z around p. So instead of B we consider

B/Ip =
⊕
l≥0

(
⊕α,|I|=lOZ,pδuαI

)
and we set N to be the sub-module of B/Ip generated by the (k-th order)
symbols (mod Ip) of the F ∈ Ip. And we define the torsion of Z at p to be
the map:

τp : Z[K1(ξ,Nk)] −→ C∑
i

ξi ⊗ δgi 7−→
∑
i

Digi(p)

So the discussion above means p can be lifted if and only if τp ≡ 0.
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3 Two remarks

3.1

Let N ′ be the sub-module of generated B/Ip generated by the k − 1st order
symbols (mod Ip) of the F ∈ Ip not involving the uαI , |I| = k. Then:

Fact: τp vanishes in the image of d : ∧2T ⊗N ′k−1 → T ⊗Nk.
Indeed

τp(d(ξi ∧ ξj ⊗ δg)) = τp(ξj ⊗ δDig − ξi ⊗ δDjg)
= (DjDig −DiDjg)(p) = 0

3.2

Fact: Hp(K•(ξ,N)(p)) = ⊕lHp(K•(ξ,Nl)(p)) is a finite dimensional complex
vector space.
So thatH1(K•(ξ,Nl)(p)) = 0 for l>>0; or equivalently (snake lemma), H2(K•(ξ,Ml)(p)) =
0 for l>>0, where M is defined by:

0→ N → B/Ip →M/→ 0
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