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Recall

Given a fiber bundle 7 : E — M, we define the k-th order jet
bundle J¥(7) as the collection of equivalent classes of germs of
sections of 7, where two sections are identified if their derivatives,
up to the k-th order, coincide. The class of ¢ € I',7 is denoted by
jko.

A local coordinate chart is given by the functions (x', u®, uf),
where:

e x' are the coordinate functions of M.
e u% are coordinate functions of the fibers of 7.

_ 1]
I < k, and uf(jk¢) = aa;z;

e | =(i1,...,in) is a multi-index,



Recall

o . Jkr ... Jlx — E — M, and we define:
Jr = lim J*r

e Oy — O —Opp— ... — Oy, — ..., and we define:

ﬁJw = lim ﬁJkﬂ.
e Locally, &, turns into a sheave of differential rings by setting
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Recall

With all this paraphernalia, we want to think about a system of
differential equations as a coherent sheaf of ideals on &, that are
locally differential ideals. The local solutions are given by
differential morphisms of &);-algebras:

&0,/ — Oumlu
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With all this paraphernalia, we want to think about a system of
differential equations as a coherent sheaf of ideals on &, that are
locally differential ideals. The local solutions are given by
differential morphisms of &);-algebras:

&0,/ — Oumlu

Remark: In this setting, differential ideals are huge (in general they
are algebraically generated by infinitely many elements). In
practice, from this point of view, solving a system amounts to
satisfy a huge a amount of conditions (in general, an infinite
amount).



We turn our attention to a different perspective. We model
everything over C and we see the geometric objects involved as
varieties rather than manifolds. We recall that a k-th order system
of differential equations is defined as a closed subvariety Sy of J*7.
A solution is a local section ¢ € I'y(7) (U C M open), such that
j,l,‘qi) € S for every p € U. A point in Sy is called a k-th order jet
solution to Sk.

Sk is locally defined as the zeroes of some functions Fq,..., Fy.
We would like to know how well behaved is the system given by
the F; in various senses:

Differentiating the F;, the functions F; and the functions D;F;
define a closed subvariety pr; Sy of J¥*17 projecting to J¥.
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We turn our attention to a different perspective. We model
everything over C and we see the geometric objects involved as
varieties rather than manifolds. We recall that a k-th order system
of differential equations is defined as a closed subvariety Sy of J*7.
A solution is a local section ¢ € I'y(7) (U C M open), such that
j,l,‘qi) € S for every p € U. A point in Sy is called a k-th order jet
solution to Sk.

Sk is locally defined as the zeroes of some functions Fq,..., Fy.
We would like to know how well behaved is the system given by
the F; in various senses:

Differentiating the F;, the functions F; and the functions D;F;
define a closed subvariety pr; Sy of J¥*17 projecting to J¥.

e Does every solution of Sy lifts to a solution of pryS,?
e Can we build a power series solution from any jet solution?

e Does every jet solution at the non-singular parts lifts?



Example 1

Consider m: C" x C — C", with adapted coordinates
(x,...,x" u) and the first order system of differential equations
given by the zeros of:

ﬂ(xi, u,u;) = ug, f'g(xi, u,up) = xtug + XxPus + ...+ x" L,
In traditional notation, we search for a y(x!,...,x") such that:

Oy 1 Oy 2 Oy _1 Oy
— =0 — — ... n =
ox! X 0x? T 0x3 Tt oOxn
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Example 1

Consider m: C" x C — C", with adapted coordinates
(x,...,x" u) and the first order system of differential equations
given by the zeros of:

AKX u u) =u1, f(x' uu)= xtug + XxPus + ...+ x" L,

In traditional notation, we search for a y(x!,...,x") such that:
dy 1 Oy 2 Oy ~1 0y
— =0, x—=S+x"=——=+...+x" =
oxt 7 T e T T Ix"
e Difi = uy i and Difh = up —|—X1u1,2 + X2U173 —+ ... ,anlul’n o)

the first prolongation is defined by uy, up, f» and some other.
e Diup = upj and Do{fr — ‘) = uz + X2z + ..+ x""Tup,
so the second prolongation is defined by uy, up, u3, f and
some other; recursively,
® Dpupq = Un—1,n and
Dp1{fo —xtup — ... = x"2up_1} = up + x"Lup_1,, so the
n-th prolongation is defined by the u;s and some other.



Example 1

Through differentiation we see that the solutions to the system
Si:ui =0, x}*up+x%u34+ ... +x"1u, =0
are solutions to the system
Si:iu=0,...,u,=0

Also, the solutions to Sj are solutions to Si, so both systems are
equivalent.

Now, the point of coordinates

(<1, x2, ... x" u,uy,up. .., uy) =(0,0,...,0,0,0,1,...,0) € S
does not lift to pri Sy, for uy # 0. This does not happen in S7. So
by prolonging S1 n-times we get a well behaved system S;.



Example 2

Consider 7 : C x C — C, with adapted coordinates (x, u) and the
first order differential equation:

a,’ i

Si:xu' +u—f=0, f:Zﬁ
1

The theory of linear ordinary differential equations says that for

x # 0 any k-th order jet solution can be lifted to a k + 1st jet

solution.

Above zero things are not so nice:

DI (xu' + u— f) = xu(® + qula=1) — fla-1) 5o

(x,u, o, ..., uld=D (D) = (0, a9, T a"q‘l , b) with b arbitrary,
is a g-th order jet solution of S that cannot be lifted to a g + 1st
jet solution unless b = %. No amount of differentiation is going

to fix this issue.



Remark 1. We may need to prolong the system to get a well
behaved system.



Remark 1. We may need to prolong the system to get a well

behaved system.
Remark 2: We may need to take out some singularities to get a

well behaved system.



Lifting jet solutions
Assume we are given F locally define on J*7 and a zero of F with
coordinates (x', u®, uf'). We want to lift this zero to the first
prolongation. For that matter we differentiate F to get:

OF ol'F
DiF + Z u?—i—&;

Oxi ouf
o 1<]1|<k

And to get a zero we solve for {uf, _}|/|=k,ic{1,...,n) the system:

oMF . OF oMF._ .
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prolongation. For that matter we differentiate F to get:

OF ol'F
DiF + Z u?—i—&;

Oxi ouf
o 1<]1|<k

And to get a zero we solve for {uf, _}|/|=k,ic{1,...,n) the system:

oMF . OF oMF._ .
Z o (X ) ua, ula)uﬁre; = _(%+ Z uIOéJre;W)(X ) ua’ u;x)
o, 1<)l <k !

Which, above (x/, u®, uf*), is in fact a linear system of the form

!
O F o«
ou> Urye, = 41
]

[/=k



Lifting jet solutions
We want to prolong once more, so we differentiate again. Now, the
% and the 887? are actually function in J¥7, so they are constant
in the u, . so we get:

O’F ol+1F
pF = LF oy oy OF
’ OxJOx! "X Ouf
a1<||<k
gHUIHLE o+l g
+ ug, ———— + u, —
Z Jtei Jugox! Z I+ei du§ouf
1< |J|<k 1< |1|<k,1<|J|<k
Lo ol F
Ulteite; Oue
i u
=k !

Once more, if we want to lift the jet, we have a system:

I

wua — aa, .
§ : au;y I+ei+e; — 91y
1=k



Lifting jet solutions

Conclusion: The behavior of the prolongations is dominated by the
ollF

nature of the LT
up




Involutivity

Consider a system of k-th order differential equations Sk. So it is,
algebraicly, finitely generated (it is the zeroes of finitely many
functions defined locally in JX7). The system generates,
differentialy, a reduced system of differential equations on Jm, that
is a coherent sheave of locally differential ideals .#. We set:



Involutivity

Consider a system of k-th order differential equations Sk. So it is,
algebraicly, finitely generated (it is the zeroes of finitely many
functions defined locally in JX7). The system generates,
differentialy, a reduced system of differential equations on Jm, that
is a coherent sheave of locally differential ideals .#. We set:

e 7, the sheaf & N O jay.



Involutivity

Consider a system of k-th order differential equations Sk. So it is,
algebraicly, finitely generated (it is the zeroes of finitely many
functions defined locally in JX7). The system generates,
differentialy, a reduced system of differential equations on Jm, that
is a coherent sheave of locally differential ideals .#. We set:

e 7, the sheaf & N O jay.
e 5, the variety defined by 7.

Malgrange's generic involutivity theorem says in rough words:



Involutivity

Consider a system of k-th order differential equations Sk. So it is,
algebraicly, finitely generated (it is the zeroes of finitely many
functions defined locally in JX7). The system generates,
differentialy, a reduced system of differential equations on Jm, that
is a coherent sheave of locally differential ideals .#. We set:

e 7, the sheaf & N O jay.
e 5, the variety defined by 7.

Malgrange's generic involutivity theorem says in rough words:
For some q, Sy, outside a subvariety of codimension one, is locally
nice



Involutivity

Consider a system of k-th order differential equations Sk. So it is,
algebraicly, finitely generated (it is the zeroes of finitely many
functions defined locally in JX7). The system generates,
differentialy, a reduced system of differential equations on Jm, that
is a coherent sheave of locally differential ideals .#. We set:

e 7, the sheaf & N O jay.
e 5, the variety defined by 7.

Malgrange's generic involutivity theorem says in rough words:

For some q, Sy, outside a subvariety of codimension one, is locally
nice

By nice we understand that any g-th order jet solution of Sq can
be lifted infinitely many times and that the limit is a convergent
power series.



| finish stating Malgrange’s conditions implying that S, is “nice”.
They are sufficient, but it is not known whether or not they are
necessary (there is no counterexample showing this). The
conditions are the definition of g-involutivity.
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| finish stating Malgrange’s conditions implying that S, is “nice”.
They are sufficient, but it is not known whether or not they are
necessary (there is no counterexample showing this). The
conditions are the definition of g-involutivity.

The system .7, is called g-involutive if:

e S, is smooth.
e Mg and Mgy1 are locally free.
o for every a € 54, M(a) is g-involutive.
e priSq — Sq is surjective.
The involutivity of a graded module is a condition on the

homogeneous homology of the Koszul complex of the module.

Here the module M is a module translating the “nature” of the

oF

aus We respect to the differential algebra of ;.




