On Partitioned Differential Quasifields
W. F. Keigher F. L. Pritchard



We begin by recalling that a differential
ring R is called a (differential) quasi-
field if every nonunit in R is nilpotent
and every nonzero element has some
derivative (perhaps of order zero) that
IS not nilpotent. Every differential field
iIs a differential quasifield, and in char-
acteristic zero, every differential quasi-
field is a differential field. Also, the
subring of constants of a differential
quasifield is a field.

We also recall that there are equivalent
ways of describing a differential quasi-
field, which illustrate the parallel be-
tween fields and differential quasifields.



Recall that a ring R is reduced if R
has no nonzero nilpotents, and R is
pointed if every nonunit in R IS nilpo-
tent. Observe that a ring R is a field
if and only if R is reduced and pointed.
An element x in a differential ring R
is called differentially nilpotent if all
order derivatives of x (including order
zero) are nilpotent in R. Note that
any differentially nilpotent element is
nilpotent. A differential ring R is called
quasireduced if R has no nonzero dif-

ferentially nilpotent elements. Hence a



differential ring R is a differential quasi-
field if and only if R is quasireduced and

pointed.

Example 1 Consider the differential ring
A = Z{y} of differential polynomials
with integer coefficients in the differ-
ential indeterminate y. In A, consider
the differential ideal () generated by
{y) —1,y2,2}, and let R = A/Q. If we
let x denote the element y + QQ € R,
then we see that R = {0,1,z,1 4 z=}
has characteristic 2, that z2 = 0 and

x' = 1. Hence R is quasireduced and



pointed, i.e., R is a differential quasi-
field.

Proposition 2 Suppose that E and F
are differential quasifields, and that f .
E — F' is a differential ring homomor-
phism. Then if C'r denotes the subfield

of constants in E, we have:

1. f is injective.

2. x € E is nilpotent if and only if
f(x) € F is nilpotent.



3. ¢ € E isconstant if and only if f(x) €
F' is constant.

4. x € FE Is invertible if and only if
f(x) € F is invertible.

5 {x1,...,zn} C E is linearly indepen-
dent over C'g if and only if

{f(x1),...,f(xn)} C F is linearly in-
dependent over f(Cg).

Theorem 3 Let E be a differential quasi-
field of characteristic p > O with deriva-
tion 0 and field of constants Cpg. If



o . E — FE is any differential auto-
morphism that leaves C'gp fixed, then
¢ = idg, the identity on E.

Proof: Let x € FE, then oP € (g be-
cause §(zP) = pzP~15(z) = 0. If T =

o(x) — x, then T is nilpotent, since

¥ = (¢(z) — )’

= ¢(z)" —a?
= ¢(aP) — a?
— P _ P

= 0.



Now for any m € N, we have

(6" (@)’ = (6" (¢(x) — )"
= (6" (¢(z)) — 6" (x))"
= (¢(6"(2)) —6"(x))"
= (¢(6"(2)))" — (6" (=))"
= ¢((6"(®))") — (6™ (x))”
= (6" (x))" = (6" (x))"
= 0.

Thus for all m € N, d™(x) is nilpotent.
But E is a quasifield, so it must be that
z = 0, that is, ¢(x) = =. ]



We recall that for any commutative
ring R with identity, the ring of Hur-
witz series over R, denoted by HR,
is defined as follows. The elements of
HR are sequences (an) = (ag,a1,ao,...),
where ap, € R for each n € N. Let
(an), (bp) € HR. Addition in HR is de-

fined termwise, i.e.,

(an)+(bp) = (¢n), wWhere cp = an+bn

for all n € N. The (Hurwitz) product
of (an) and (by) is given by (an)-(bn) =
(cn), where

Cn = i (Z)akbn—k'

k=0



Moreover, HR is a differential ring with

derivation 0 : HR — HR given by

Or((ag,a1,a2,...)) = (a1,a2,a3,...).

We will often write 9 in place of Op.
We will denote, for any 53 € N, the ad-
ditive mapping n; : HR — R defined

by Wj((an)) — Qj.

Recall also that for any ring R of pos-
itive characteristic, R is a field if and
only if the differential ring HR of Hur-
witz series over R is a differential quasi-
field.



Proposition 4 Let E be a differential
quasifield of positive characteristic, Ng
the nilradical of E and Cg the subfield
of constants in E. Then there is a
natural injective differential ring homo-
morphism ng : E — Hk of E into the
quasifield of Hurwitz series Hk, where

k = E/Ng. Moreover, we have:

1. x € E is invertible in E if and only if
ng(x) € Hk is invertible in Hk.

2. x € FE is nilpotent in E if and only if
ng(x) € Hk is nilpotent in Hk.



3. x € FE is constant in E if and only if

ng(x) € Hk is constant in Hk.

4. Let X ={xq1,x2,...,xn} C E. Then
X Is linearly independent over Cg if
and only if ng(X) C Hk is linearly
independent over np(Cg).

Here ng is defined by

neg(z) = (z+ Ng,0g(z) + Ng,
5%(z) + Ng,...).



Let E be a differential quasifield, Cg
the subfield of constants of E, and Ng
the nilradical of E. We say that E is
partitioned if, as an additive group,
FE = Cgp ® Ng, i.e., if for any x € F,
there exist unique c; € Cgp and ng; € Ng
such that = ¢, + n,.

Proposition b Let E be a differential
quasifield with positive characteristic p
and field of constants C'g. If Cg is per-
fect, then E is partitioned.

Proof: First recall that if x € E, then
xP € Cp. Now let Ng be the nilradical



of £ and let

Then k is an extension of Cg, in the
obvious way, that is,

O — Cp — F — k.

If
rek then P e Cp,
and thus, since Cg is perfect,
k= Cg.

Thus Ng has codimension one, in E,
as a Cg—vector space and so

E:CEEBNE,



that is, E is partitioned. []

Proposition 6 Let (E,6p) be a differ-
ential quasifield of positive characteris-
tic, C'r the subfield of constants of E,
Npg the nilradical of F,

k — E/NE
the reduced field of £ and
n.:E— HEk

the canonical embedding . Then E Is

partitioned if and only if

n(Cg) = Cyp = k.



Proof: Suppose first that E is parti-

tioned, and let
C:(CO,O,---,O,---)GCH]C7

so that ¢g € £k = FE/Ng. Hence there
exists z € E such that

T(x) = co,

where 7 : £ — k is the canonical sur-
jection. Since FE is partitioned, there
exists c¢; € Cg such that x — ¢ € Ng.
Then

n(cz) = (1(cz), 7(6p(cz)), (0% (cz)), - .)
= (¢p,0,...,0,...),



showing that n(Cg) = Cyi. = k.

Conversely, suppose that n(Cg) = Cyy,
so that for any = € FE, there exists

cez € Cg such that

n(ce) = (z+Ng,0+Ng,0+Ng,...) € Cyy.

It is clear that ¢; € Cp satisfying n(cz) =
(LU Ng,0 Ng,0 NE)) IS unique,

since n is injective. Also, x —cg IS nilpo-

tent in E, since



(z + Ng,0g(z) + Ng,
5%(x) + Ng, ...)

— (¢ + Ng,0+ Ng,
0+ Np,...)

(0 + Ng,0p(z) + Ng,
0%(z) + Ng,...)

n(x — cz)

IS nilpotent in Hk. Hence E Is parti-
tioned. []

A basic result in differential algebra (of
characteristic zero) is that if (F,dp)

iIs a differential field of characteristic



zero with field of constants (', then
y1,...,Yn € F are linearly dependent
over C' if and only if the Wronskian
w(y1,...,yn) = 0. The Wronskian

w(y1,..-,yn) OF y1,...,yn € F is defined
by

w(yt, ..., yn) = det(sh * (y;)).

T his result does not carry over directly
to differential quasifields of positive char-
acteristic, as the following example shows.

Example 7 Let k be a field of char-
acteristic 2, and consider the differen-
tial quasifield Hk. The elements z![2]



and =131 in Hk are certainly linearly in-
dependent over Cy = k, but a quick

calculation using

[m]_[n] (m + n)x[m+n]

n

shows that

w(zl? 2By = 0.

In order to generalize this result about
linear dependence over constants to the
case of differential quasifields, we need

to introduce the following.



Let (R,dr) be any differential ring, let
y = (y1,.-.,yn) € R", and let

s =(s1,...,8n) € N".

The s — quasiwronskian of y, denoted

by ws(y), is defined by

ws(y) = det(55(y;))-

So the (usual) Wronskian of y is the

(0,1,...,n — 1)-quasiwronskian of y.

Theorem 8 Let E be a differential quasi-
field of positive characteristic with field
of constants C'gr, suppose that E is par-

titioned, and let y = (y1,...,yn) € E™.



Then {y1,...,yn} is linearly indepen-
dent over Cgr If and only if there exists
s = (s1,...,8n) € N"™ such that ws(y) is

invertible in E.

Proof: Assume first that {y1,...,yn}
IS linearly dependent over C'g, so that
there exist cq,...,cn € C'g, not all zero,
such that Z;’le c;y; = 0. Hence for any
s = (s1,...,8n) € N*, (¢1,...,cn) IS a
non-trivial solution in C% to the system

of linear equations

n
8Si(yj)513j — O, 1= 1,...,n,
—1

J



with coefficients in E in the unknowns
x1,...,Tn. I hedeterminant of the ma-
trix of coefficients of the above sys-
tem is the s-quasiwronskian ws(y) of
y = (y1,...,yn), and since this system
has a non-trivial solution, this determi-
nant is not invertible in E, and hence

IS nilpotent in E.

Now assume that {y1,...,yn} is linearly
independent over C'r. We proceed with
a special case, namely when E = Hk

for a field k of positive characteristic.



Lemma 9 Let k£ be a field of positive
characteristic, E = Hk the differential
quasifield of Hurwitz series over k, and
(y1,---,yn) € E™. If{y1,...,yn} C E is
linearly independent over k, then there
exists some (s1,...,sn) € N™ such that
det(9%(y;)) is invertible in E.

Proof: We proceed using induction on
n. If n = 1, then yy1 is linearly inde-
pendent over k if and only if y; = O,
so take sy = ord(y1). Then 0%1(yq) =
det(9%1(yq)) is invertible in E, since

ms1(y1) = m0(0°1(y1)) # O.



Now suppose that (y1,...,yn) C E is
linearly independent over k. We may
also assume that s; = ord(y1) < ord(y;)

for y =2,...,n. Define

C; — Wsl(yj)wsl(yl)_l €k

for j = 2,...,n, and define

z1=y1 and z;=y;—cy1

for j = 2,...,n. A routine calculation
shows that {z1,...,2zn} is linearly inde-
pendent over k. Furthermore, we see

that ord(z;) > s1 for j = 2,...,n, since



7T51(Zj) — Wsl(yj — ijl)
— Wsl(yj)
— Wsl(yj)ﬂ'sl(yl)_lﬂ'sl(yl)
= 0

Since {zo,...,zn} is linearly independent

over k, by induction there exists
(82, c ooy Sn) E Nn_l

such that

det((0%(y;))2<i j<n)



IS invertible in Hk. Then since
det(9%(y;)) = det(d%()),
and since

0°1(2z1) = 0°1(y1)

IS invertible in Hk, we see by expanding
det(9%(z;)) along the first row that

det(0%(z;)) = 0°1(z1) det((0°(2))2<i.i<n)

+ .22(_1)].—'_1881(7{7')]\4(1,]')7
]:

where M jyis the (1, 7)-minor of (9%(2;)).

Now since each 9°1(z;) is nilpotent in



HEk for 3 =2,...,n, we see that

jgz(_l)jﬂasl(zj)M(l,j)

IS nilpotent in Hk, so that
det(0%(z;)) = det(0”(y;))

IS invertible in Hk. []

Continuing with the proof of Theorem 8,
let Kk = E/Ng, where Ng is the nil-
radical of E, and consider the embed-

ding np : E — Hk. By Proposition 4,



{y1,...,yn} C E is linearly independent
over C'g if and only if

n(y1),....,n(yn)} C HE

is linearly independent over n(Cg). Since
E is partitioned

n(Cg) =k

by Proposition 6, so Lemma 9 applies
to show that there exists some

(S]_,...,Sn) GN’I’L

such that det(9%(n(y;))) is invertible in
HEk. But since

det(9%(n(y;))) = n(det(8%(y;))),



Proposition 2 tells us that det(8%(y;))

IS invertible in E, as desired. []

Corollary 10 Let kK be a field of pos-
itive characteristic, and let K be any

field extension of k. The finite set

is linearly independent over k if and

only if

Is linearly independent over K.



Proof: Clearly if {hq,...,hn} is linearly
dependent over k, then {hqy,...,hn} is
linearly dependent over K. Now as-
sume that {hq1,...,hn} is linearly inde-
pendent over k. By Theorem 8, there
is some s € N such that ws(h1,...,hn)
IS invertible in k£, and hence is invertible
in K. It follows from Theorem 8 again
that {hq1,...,hn} is linearly independent
over K. L]

Recall that if A, B, and C are rings and
if f:A— C and g: B — C are ring

morphisms, then the bilinear mapping



A x B — C given by (a,b) — f(a)g(b)

induces a ring morphism
b: AR B — C.

In addition if A, B and C are differen-
tial rings with derivations 64, 0 and
0c respectively and f : A — C and
g . B — (' are differential ring mor-
phisms then A® B is a differential ring

with derivation
0AgB =04 ®idp +idg ®0p

and ® : AR B — (C is a differential

ring morphism.



Proposition 11 Let K be any field ex-
tension of k. Then the differential k-

algebra homomorphism
®: K@, Hk — HK,
defined by
P(a ® (bn)) = (abn)
for any a € K and (bp) € Hk, is injec-

tive.

Proof: Here we must show that if

n
>, a;@h; #0
i=1



with a; € K and h; € Hk then

n
Z aihi # 0.
i=1
Reduce to the case where {h1,...,hn}
IS linearly independent over k. Now, if

we were to have

n
> ah; =0,
i=1
then since {h1,...,hn} is linearly inde-
pendent over k, by Corollary 10
{h1,...,hn} is also linearly independent

over K. Thus we must have

ai:O



for each 7, but this implies that

n
> a;® h; =0.
=1

Theorem 12 Let E be a partitioned
differential quasifield and let A be a
differential ring that is obtained from
E by extension of scalars. Then A is a
partitioned differential quasifield.

Proof: Let E have field of constants
C'g, nilradical Ng and let Cg C K be a
field extension. We have

A:K(X)CEE



and since £ = Cgr & Ng, it follows that
A= (K ®c,Cg)® (K Qcy, Ng)
as an abelian group. Now
K & K ®c, Cp,
so identify K R Crp with K. Set
N = K ®¢,, Ng.
Clearly N is the nilradical of A and
A=K N.

Ifr € Aand x € N then z = r + n for
O #r € K and n a nilpotent. If n™ = 0,



then letting

y = %(1 + T:;l (%ny)
it is easy to verify that xzy = 1. Thus A
is a differential ring such that each el-
ement is nilpotent or is invertible. We
must show that for every nilpotent n &
A, there is some | € N such that §'(n)

is invertible in A, where ¢ 4 is the deriva-

tion on A. Since FE is partitioned,
and so we have an embedding

77:E—>HCE.



Since K is a C'g-vector space, K is flat

as a C'g-module, and so
dg ®n:A— KQ&g, HCE
IS an embedding. Also
¢ : K ®c, HOp — HK

IS an embedding by Proposition 11, so

the composition
Y=Poidiry ®n, V:A— HK

is an embedding. If n € A is a nonzero
nilpotent, then ¥(n) is a nonzero nilpo-
tent in HK. Thus there is somel e N



such that 9%-9(n) is invertible, so from
what we have already shown &% (n) is
invertible. We conclude that A is a
quasifield. Since A= K & N, A is par-
titioned. L]



