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Synopsis
Propose algebraic constructions of a generating set of invariants that comes with
a simple rewriting algorithm.

E. Hubert and 1. Kogan, Rational Invariants of a Group Action. Construction and
Rewriting. Journal of Symbolic Computation 42:1-2, p 203-217 (2007).

Original motivations:

e Differential elimination/completion for symmetric differential systems [Mansfield
2001]

e Avoid the implicit function theorem in [Fels & Olver 1999]

Contents

1 Motivation: Symmetric Differential Systems 2

2 Rational Invariants of a Group Action 4
2.1 Definitions . . . . . . ... 4
2.2 Results. . . . . . e 5

3 Intermezzo 6
3.1 Grébner bases . . . . . ... 6

4 Construction and rewriting of rational invariants 6
4.1 Graph ideal ~» Rosenlicht (1956),.. . . . .. .. 6
4.2 Graph-section ideal ~> Fels & Olver (1999) . . ... ... 8

5 Algebraic Moving frame 9



1 Motivation: Symmetric Differential Systems

Differential Elimination

5 (Pex + Oyy) + 82 x +5y0y +¢ = 0
S S (¢:1::1: + Q/Jyy) + Sz 1/)L + Sy 1/)y —+ ¢ = 0

What are the conditions on s for S to have a solution?

(2003) Hubert, Notes on Triangular Sets and Triangulation - Decomposition Algorithms.
LNCS 2630 .

I: Polynomial systems (1-39). II: Differential Systems (40-87).

(2000) Hubert, Factorisation Free Decomposition Algorithms in Differential Algebra, Jour-
nal of Symbolic Computation 29:4-5 (641-662).

(1997-) diffalg inria.fr/cafe/Evelyne.Hubert/diffalg

Differential Elimination

5(¢mm+¢yy>+5:z:¢m+5y¢y+¢ = 0
S 8 (Wax +yy) + 82 tsythy +1p = 0
¢m¢x+wy¢y = 0

What are the conditions on s for S to have a solution?
It is computationally challenging.

Idea: reduce by the symmetry

[Lisle & Reid 1992], [Mansfield 2001]

Guideline: moving frame construction
[Cartan 1935],..., [Fels & Olver 1999]

Still is.

Symmetry

S (Gza + Pyy) + o Oz +Sydy+0 = 0
N 5(¢x$+¢yy)+8m%+8y¢y+¢ =
¢w¢w+wy¢y = 0

|
o

[Desolv,Vessiot]

164 b
I T R
P P
S’_)%7 Qb'_)?a w %
pAT I v



8

[e] [e3

B . o
Sy — ) Sy — o Sy, Sy — D Sy + ) Sz,
y pa o pfB y pa pB
Pz — m P m (J)y‘, Oy m Qy + 1 Pz

o €R* abeR, BP+a®=1

Fundamental Invariants
All differential invariants can be written in terms of: 5 ,
2 = s3+sy Sy = Say(Sy — 82) + S25y(Saa — Syy)
4s 8553

2 2
SzSyy + SySza — 2828y Say

3
8ssy

83 = — 81

o SyPe = SePy o Sy¥a = Sathy o Sata t sythy
¢ ¢ ¢1 o 281¢ 1/11 o 281’¢’ 1/)2 - 2811/)
+s
¢2 = Sz €T Yy y
281(;5

and their derivatives with respect to the invariant derivations:
2 4 42
5\ +,/5 (53 + 53) —s, S %
(52 5320 — 312/ Sy —Sy («%

Algebra of differential invariants
The invariant derivations satisfy non trivial commutation rules

[aidal
and the differential syzygies are [aida]
51 (81) = 5152
2] 0i(s2) =da(s3) = s34 85 + s1(s2 + s3)
01(¢p2) —da(¢1) = @153+ 252,
61(¢2) = 62(¥1) = Y183+ 2 s
Reduced problem

We can write S as [aida]

81 (1) + Ga(p2) + 7 + qbﬁ — 521 4 (251 +83)p2 +1 =0,
S 01(th1) + 0o(h2) + VT + 05 — 591 + (251 + s3)2 +1 =0,
¢1 U1 + P22 = 0.

Perform differential elimination on Z U S with derivations that satisfy non trivial
commutation rules.
Note: s1, $2, s3 and d;, d, depend only on s and derivatives

The additional relationships on si, ss, s3 and their derivatives provide the answer
to the original problem.



Progress on the Project

e Computing the fundamental invariants:

Hubert & Kogan, Rational Invariants of a Group Action. Construction and Rewriting. J.
of Symbolic Computation (2007).

o Algebra of (differential) invariants

Hubert & Kogan. Smooth and Algebraic Invariants of a Group Action. Local and Global
Constructions. (Submitted 2006).
Algebra of Differential Invariants for Finite Dimensional group. In preparation.

e Differential elimination with non commuting derivations

Hubert. Differential Polynomial Algebra with non Commuting Derivations. Journal of
Pure and Applied Algebra (2005).

Software (MAPLE)

inria.fr/cafe/Evelyne.Hubert/aida
inria.fr/cafe/Evelyne.Hubert/diffalg

2 Rational Invariants of a Group Action

2.1 Definitions
Algebraic Group G

K=RorC
G c K! an algebraic variety G C K[\, .., Ar] its ideal
m: GxG — @G and i: G — @G
M) = Aop A= ATt

A e KA, ] and A e K[
e€G e A=X-e=A

G K* K x {—1,1} S0(2)
G | (MA—1) (A -1) (AT +23-1)

Aop | (Aapa, Aopa) (A1 + pens o) (Apn — Aoz, Apia + Aot )
e (1,1) (0,1) (1,0)

At (A2, A1) (=1, A2) (A1, —A2)

Rational Action on Z = K"

g: Gx2Z2 — Z (A p)*xz=Ax(uxz)

) (/l()\ Z) v(/l/(/\A Q’)
A, 2 A z = L
( b : <]'(/\-fl,) h(\, z) >

Orbit of z € Z
O.={A*xz| ) eg}



haglv"'agn EK[)\17"'7)\Z7217"'7Z’R]

g K* Kx{-1,1} SO(2)
G | (MA—1) (A -1 (AT +A3-1)
/\121 21+ )\1 /\1 —)\2 Z1
) () ()R
scaling translation+reflection rotation

N2
TN

scaling translation+reflection rotation

Field of Rational Invariants K(z)¢

(A *x 2 (2
Rational invariant: L € K(z) bl f) -2 ) mod G
q q(Axz)  q(z)
Field of rational invariants: K(z)¢
g K* K x {—1,1} SO(2)
K(2)¢ K (i—;) K (23) K (2% + 23)
2.2 Results
Rational Invariants
ALGORITHM
In: G, (1N 2),...,90(A 2),h(N, 2)) € K[, 2]
Out : {ri,...,me} € K(2)¢
—q K — Ky, yx) r=R(ri,....1)
r — R
So: K(2)% =K(rq,..., I )

I : Grobner basis of an unmixed dimensional ideal of dimension s

II : Grobner basis of a zero dimensional ideal
Relies on the choice of a generic linear space of codimension s

Code: www.inria.fr/cafe/Evelyne.Hubert/aida



with property

¢ is the algebraic counterpart of the Cartan normalized invariants.

3 Intermezzo : Grobner bases
Grobner bases in K[z, ..., 2]
I a (radical) ideal in K[z] = K[z1,. .., 2]
Hilbert: I = (¢1,---,q)

Reduc®: 2% =z ... 20"

n
B<a
Grobuer: {q1,...,q} a Grobner basis if pel & p—450

Prop: Reduced Grébner bases are canonical representative for ideals

Algo: INPUT: pq,...,pm a generating set of [
OuTpPUT: @ = {q1,...,q} a reduced Grobner basis of T

~» K-basis for K[z]/I, its Hilbert polynomial, resolution.
Observe: p1,...,pm € k2] = Q C k[z] kEcCK

~» The coefficients of @) give the field of definition of I.

4 Construction and rewriting of rational invariants

4.1 Graph ideal ~» Rosenlicht (1956),..
Graph of the action & its ideal O

e Graph of the action

O={(z,2)eZxZ|INeG st. 2/ =A%z}

Z =(Z1,...,Zy,) new set of variables

(Z—-A*x2)=(hZ;—g;|1<i<n):h™

e O° the extension of O to K(z)[Z].
~+ the ideal of a generic orbit



Construction of rational invariants

Invariance: (z,2') € O = (Ax2,2/) €O

Thm: The reduced Grobner basis of O¢ is contained in :%f{(':‘)("[Z}.

Examples
g K* Kx{-1,1} SO(2)
Q Zy— 27 75 — 23 Z5 + 73 — (27 + 23)

Rewriting & Generation
Q@ reduced Grébner basis of O¢
{r1,...,74} the coefficients of Q

Theorem:

i2-0 »
Rewriting ZeK(2)¢
q

® yj,...,Ys anew indeterminates

* Q= Q(r;i — i)




Example of rewriting for the scaling

Q:{Z‘Z*?Z'L} r="=2 Qy=1{Z2 —yZ:}
1

21

P 22+ 42129 + 23
q 22 — 322
Z) =2} +42:1Z2 + Z3 —q, (V*+4y+1)Z3
o(Z) =23 -3ZF —q, (°-3)Z3
q(2)p(Z) = p(2)q(Z) modO° = q(z)(r® — IS)Z.j) = p( :)(‘1'2 + 4r + l)Z.;f
224 dzzm+25 P 4dr+1

21
C— = SR where r = —
27 — 325 re—3 29

Previously

Miiller-Quade & Beth 99 e Case of linear group actions.
e Proof: (Q) = (Z — 2) NK(2)¢[Z]

Vinberg & Popov 89 e There exists a generating set @ of O° the coefficients {ry,...,r.}
of which are in K(2)¢

e {ry,...,7,} separate orbits

e A set of rational invariant that separate orbits is a generating set for K(z)¢

Rosenlicht 56 e The coefficients of the Chow form of O¢ are rational invariants and
separate orbits

e A set of rational invariant that separate orbits is a generating set for K(z)¢

4.2 Graph-section ideal ~» Fels & Olver (1999)

Cross-section of degree d
A wariety P that intersects generic orbits in d simple points.

0° = (G+(Z—-X*x2))NK(2)[Z].
s = dimension of O¢ = dimension of generic orbits

The ideal P defines a cross-section P of degree d:
e P C K[Z] prime ideal of codimension s
e [° = (0°+ P radical and zero-dimensional

L dimK(z) K(Z)[Z}/Ie =d

P=(apnZ1+...+ainZ, —b;, 1 <i<s)



Rational Invariants 2
I°=P+0°=(P+G+(Z-X*z)) N K(2)[Z]

Q@ a reduced Grobner basis of 1€ {r1,...,7} its coefficients

Theorem: K(z ) =K(ry,. .., re) + rewriting

Kx {-1,1} SO(2)

Q Zl—l ZQ—% ZZ ZQ 7% ZQ, Zl Zl +2’2

5 Algebraic Moving frame
Replacement Invariant &

e P a cross-section of degree d = 1

Ie — (Zl 71"1(2),...,Zn 77’71(2))

(21, 2n) =1(r1, ..., Tn) Vr e K(2)¢

e P a cross-section of degree d > 1

19 = I° NK(2)%[Z] = (Q) has d distinct K(Z)G—zeros

Thm: & = (&, ..., &n) a K(z ) "_zero of IC.

Replacement Invariant £. Examples

P a cross-section of degree d
I9 =I°NK(2)%[Z] = (Q) has d distinct ma—zeros
Thm: € = (&1, ..., &) a K(2) -zero of IC. r(z) =r(€), r e K(z)°
g K* K x {-1,1} SO(2)
Q Z1—=1,Z, -2 Zy — Zy, 73 — 22 Zy, 23 — (23 + 23)
¢ (1, 2) (20, +20) (i s 0)



Algebraic moving frame - preview

‘P an algebraic cross-section = P NU a local cross-section.

——G
Replacement invariant : K(z) -zero of ¢

Thm: The normalized invariants (izi,...,7z,) form the smooth zero of I“ that agrees
with the coordinate functions on P NU.

As a result, the components of this replacement invariant actually generates, func-
tionally, the smooth invariants locally.

E. Hubert and 1. Kogan. Smooth and Algebraic Invariants of a Group Action. Local
and Global Constructions. (Preprint).
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