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G := A-field, H := extension field of G. Neither field is assumed to be
contained in a universal A-field.

Ag:=G{n.....yn}.

p CAg is a prime A-ideal.

n=01....1,) € H".

oy Ag — G{n}, yir—mn,i=1...,n

1 is generic for p over G <= Jg () = p <= 0y is a A-F-isomorphism.
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Suppose H = U, universal over g;l'heni& ¢ € U" are generic for the
same prime A-ideal p C Ag <= {n} = {c} <= G () Z Gg)..
n,— ¢, i=1...,n
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Constrained families.

Definition

n € H" is constrained over G if there exists C € Ag such that C (1) # 0,
and C (g) = 0 for every non-generic specialization ¢ of 7.

C is called a constraint for . 1 is said to be C-constrained over G.
1 is C-constrained <= C & p & C € q V prime A-ideals in Ag properly
containing .
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Suppose H = U, univeial over G. Lety € U" be C-constrained over G,
with defining ideal p. {7} =V (p). ¢ € U" is generic for p <

C(c)#0<«= {c} = {n} =V (p) The set of generic points of V (p) is
the open subset of V/ (p) consisting of the non-zeros of C. G () and
G (g) are A-G-isomorphicby an isomorphism sending 77 to ¢. They are

“conjugate” over G — Shelah’s “indiscernibles.”
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The Ritt basis theorem implies that Ag is Rittian (Property 1). Therefore,
every non-empty set of radical A-ideals in Ag has a maximal element.

Let p be a prime A-ideal in Ag, and let C € Ag\ p. 3 a prime A-ideal
q 2 p such that C & q, and C is in every prime A-ideal properly
containing (.

Let S be the set of all prime A-ideals containing p and excluding C. Set q
equal to the maximal element of S. O
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Let 17 be generic for a prime A-ideal p of Ag. Then, 3 a specialization ¢
of § such that ¢ is constrained over G with constraint C.
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The Ritt Nullstellensatz.

Until further notice, U is a universal extension of F.

In algebraic geometry, if V is a Zariski closed set, defined over k, the
points in extension fields that are algebraic over k are dense in V.
Reminder: If S C Ay,

V(S)={n==01,....n1,) EU" | F(7) =0 VF € S}.
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The prime decomposition theorem.

We now invoke the third property of Rittian A-rings. Let G be any
extension A-field of F in U.

Theorem
Let a be a proper radical A-ideal of Ag. There exists a unique finite set
{p1,....p,} of prime A-ideals of Ag containing a, none of which contains
any other, such that

a=piN--Np;.

This set is the set of minimal prime ideals containing a.

See Notes, Talk Il, posted on KSDA website.
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We now set G = F.

The Ritt Nullstellensatz. Let S be a subset of Ar, and let F be an
element of Ar.

Q IfF e /[S], then F(g) =0 forall ¢ in V (S).
@ If F(g) = 0 for all constrained points ¢ € V(S), then F € \/[S].
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Proof.

The first statement is obvious.

To establish the second statement, suppose F ¢ \/[S]. Then, there is a
prime component p of /[S].such that F & p. By the lemma on the
existence of constrained zeros, there is a point ¢ € V(p) that is
constrained with constraint F. In particular, F(g) # 0. O

| A

Corollary

Let a be a radical A-ideal in Ax. The set of points in V (a) that are
constrained over F are dense in V(a).
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@ The map V —— J (V) from the set of all closed subsets of U" to the
set of all radical A-ideals of Af is bijective, with inverse the map
ar— V(a).

@ VC Wifandonly if 3(V) D3 (W).

© IfV and W are closed subsets of U", then

J(VUW)=3(V)NT(W).

Q If(V));c, is a family of closed subsets of U",

3(0\/,-) =).3(Vvi).

iel i€l
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A closed set V is irreducible if and only if 3 (V) is prime.
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Spose V is irreducible, and FiF, € T (V). Then,
V(FiF) =V(R)UV(F) 2 V(3(V)) = V. Therefore,

V=Vn((V(FR)UV(R)) =(VAV(FE)U (VN V().

So,
V=VnV(FR) o V=VnV(R).
VCV(R) or VCV(FR).

Say V C V(Fy). Then, 3(V) 2 J(V(F1)), whence F; € T (V).
Therefore, J (V) is prime. The proof of the converse is similar.
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Noetherian topological spaces.

Az is Rittian, but not Noetherian.

Definition

A topological space X is Noetherian if every descending sequence of closed
subsets stabilizes. Equivalently, every strictly descending sequence of
closed subsets is finite.

Clearly, every subspace of a Noetherian space is Noetherian.
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U", equipped with the Kolchin topology, is Noetherian.

There is a bijective inclusion reversing correspondence between the set of
closed subsets of U" and the set of radical A-ideals of A£. Ol
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The component theorem.

Theorem
Let V be a closed subset of U". Then, we can write V' uniquely as a
finite union

V=Wu---uV,

where V1, ..., V, are the distinct maximal irreducible subsets of V/, called

the components of V. If W is an irreducible closed subset of V', di with
W C V.
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Let p; =3 (V;).j =1,...,n. By the Ritt Nullstellensatz, and the prime
decomposition theorem for radical differential ideals, the decomposition of
V into components is clear. Spose W is an irreducible closed subset of
V. Then, p =3 (W) is prime, and contains p; N---MNp,. Spose Vj

p? p;. Then, Vj JF; €p;, F&p. So, Fi---F, €p. Thus, Jj such
that F; € p.-—»¢—- O

v
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Fields of definition of radical differential ideals.

The reference for this section is Kolchin, Differential Algebra and Algebraic
Groups (1973), Chapter IV.
Let G be a A-field.

Definition

Let ag be a radical A-ideal in Ag. Let F be a A-subfield of G such that
there is a subset S of Az with

ag =/ [S].

F is called a field of definition of ag.
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Let ag be a radical A-ideal in Ag. Then, ag has a field of definition that
is finitely A-generated over the prime field Q.

There exists a finite subset of ag such that ag= /[S]. O
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Theorem

The mapping
ag — ag N Ax

from the set of radical A-ideals of Ag with field of definition F to the set
of radical A-ideals of Ar is bijective, with inverse

ar — Gar.

If pg is prime, every generic zero of pg rational over an extension field of G
is generic for pr over F.
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The next theorem is used heavily in the proof of the theorem that states
three equivalent conditions for a A-field to be differentially closed.

(See Kolchin, 1973.) Let pg be a prime A-ideal in Ag with field F of
definition, let H be an extension field of G, and let y € H" be generic for
pg. Every specialization of nj over F lifts to a specialization of 1 over G.
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Differentially closed fields — Kolchin's definition.

Definition
An extension field H of G is constrained over G if every finite family of
elements is constrained over G.

Theorem

| .

Let H =G (yy,...,1,) be a finitely A-generated extension field of G.
Then, it is constrained over G if and only if 1 = (,,...,1,) is
constrained over G.

A,
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A field is algebraically closed if it has no proper algebraic extensions.

Definition

(Kolchin) A A-field is differentially closed if it has no proper constrained
extensions.
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Let n be a positive integer, and let U be a universal A-field that is an
extension field of G (U need not be universal over G). The following
conditions on G are equivalent:

Q G is differentially closed.

@ For every n, every point in U" that is constrained over G is rational
over G.

© For every prime A-ideal p in Ag= G {y1,...,yn} and every C € Ag,
with C ¢ p, there is a zero 1 of p, rational over G, such that

C(n) #0.
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We first show that the second and third statements are equivalent. O

2 = 3. Letpand C beasin 3. There exists 7 with coordinates in
some extension A-field of G such that 77 is a C-constrained zero of p. Set
qg = Jg (7). There is a A-subfield F of G, with F finitely A-generated
over Q such that qg has field F of definition, and Ax contains C. It
follows that U is universal over F. Let qr = qg NAx. Then, U"
contains a point 1’ that is generic for qz over F. Since C ¢ qr,

C (") # 0. Now, 7 is also generic for q over F. Since F is a field of
definition for Jg (¢), 17 specializes over G to 1’. Since C (1') # 0, this
extended specialization is generic. Thus, ' € U" is constrained over G
with constraint C. 2 == 5’ is rational over G. Therefore, # is rational
over G. So, 2 = 3.
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Proof.

3= 2.

Let 7 € U" be constrained over G with constraint C. Let p = Jg (7).
Then, p is prime and C ¢ p. Therefore, by 3, d¢ € G" such that

¢ € V(p)and C(g) #0. Since 1 is generic for p over G, g is a
specialization of 77 over G. Since C (g) # 0, g is generic for p..

Therefore, since ¢ € G, so is 7. So, now, 2 and 3 are equivalent. O
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Clearly, 1 = 2.
2= 1.

Proof.

If an element 17 € U is constrained over G then, sois (7,...,1) € U". By
2, (n,....,m) € G", and, thus, € G. Therefore, 2 holds when n is
replaced by 1, and therefore, so does 3. Now, 3 is clearly independent of
U, and, therefore, so is 2. Aha! Let H be a constrained extension of G.
We know that there is a universal extension field of H. So, every element
of this universal extension field of H that is constrained over G is in G.
Therefore, G is differentially closed. ]

v
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Let U be a universal A-field. Then, U is differentially closed.

Let p be a prime A-ideal in Ay, and let C € Ay, C ¢ p. Let F bea
field of definition of p that is finitely A-generated over the prime field.
Then, there is a generic zero 7 of pr =pNAr inU". Of course,

C (17) # 0 (this doesnt require the Nullstellensatz). But, p =U pr. So,

1 is a zero of p. O
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