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The concept of dimension polynomial was
first introduced by Hilbert at the end of the
19-th century as a generalization of the fol-
lowing observation. Consider the ring of poly-
nomials A = K[X1, . . . , Xm] in several vari-
ables over a field K. Then A is a direct sum⊕∞

r=0 A(r) where A(r) is the vector K-space

generated by all monomials X
i1
1 X

i2
2 . . . Xim

m of
total degree r (that is, i1 + i2 + · · ·+ im = r).

Clearly, dimKA(r) is equal to the number of

such monomials (they form a basis of A(r)), so

dimKA(r) is the number of non-negative inte-
gers (i1, . . . , im) with i1 + i2 + · · · + im = r.
It is a well-known fact that that this num-
ber is

(r+m−1
m−1

)
=

(r+m−1)(r+m−2)...(r+1)
(m−1)!

=

rm−1

(m−1)!
+ o(rm−1) where o(rm−1) is a polyno-

mial of r whose degree is less than m− 1.
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Theorem 1 (Hilbert).

Let A = K[X1, . . . , Xm] =
⊕∞

r=0 A(r) be a
graded polynomial ring over a field K and
M =

⊕∞
r=0 M (r) a graded A-module. (It

means that M =A M is represented as a

direct sum of vector K-spaces M (r) with
A(r)M (s) ⊆ M (r+s) for all r, s.)
Then there exists a polynomial φ(t) with

rational coefficients such that φ(r) = dimKM (r)

for all sufficiently large r (that is, there ex-
ists r0 such that the last equality holds for
all r ≥ r0; in this case we also write that
the equality holds for all r >> 0).

Polynomial φ(t) is called the Hilbert polyno-
mial of the graded module M . It is a numer-
ical polynomial, that is, a polynomial with
rational coefficients which takes integer values
for all sufficiently large values of argument.
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Hilbert theorem and a similar result on fil-
tered modules (where one considers the as-
cending chain of vector K-subspaces Ar =
{f ∈ A | deg f ≤ r} of the polynomial ring
A and an ascending chain {Mr} of vector K-
spaces of M with the condition ArMs ⊆ Mr+s)
introduce numerical polynomials that play a
very important role in commutative algebra
and algebraic geometry. The development of
the corresponding technique in differential al-
gebra was initiated in the 60-th by E. Kolchin
and continued by J. Johnson, W. Sit, and a
number of other mathematicians.

We begin the review of the theory of numeri-
cal polynomials associated with the of differen-
tial algebraic structures with the J. Johnson’s
theorem on dimension polynomial of a differ-
ential module.
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In what follows, Z, N, and Q denote the sets
of integers, non-negative integers and rational
numbers, respectively.

Let K be a differential field of zero charac-
teristic with a basic set ∆ = {δ1, . . . , δm},
that is, a field K together with the mutually
commuting derivations δi : K → K.

Let Θ be the free commutative semigroup
generated by the set ∆, and for any nonneg-
ative integer r, let Θ(r) denote the set of all

elements θ = δ
k1
1 . . . δkm

m ∈ Θ such that
ord θ =

∑m
i=1 ki ≤ r.

An expression
∑

θ∈Θ aθθ, where all aθ ∈ K
and only finitely many elements aθ are differ-
ent from 0, is called a differential (or ∆-) oper-
ator over K.

∑
θ∈Θ aθθ =

∑
θ∈Θ bθθ if and

only if aθ = bθ for all θ ∈ Θ
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The set D of all ∆-operators is a ring with
the natural structure of a left R-module where
δa = aδ + δ(a) for any a ∈ R, δ ∈ ∆. (This
equality comes from the action of this operator
on K: (δa)(x) = δ(ax) = aδ(x) + δ(a)x =
(aδ + δ(a))x for any x ∈ K.) The ring D
is called the ring of differential (or ∆-)
operators over K.

The order of a σ-operator A =
∑

θ∈Θ aθθ ∈
D is defined as ordA = max{ord θ|aθ 6= 0},
and the ring D is considered as a filtered ring
with the ascending filtration (Dr)r∈Z such that
Dr = {A ∈ D|ordA ≤ r} for any r ∈ N and
Dr = 0 for r < 0.
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With the above notation, a left D-module
is said to be a differential K-module or a
∆-K-module. Thus, a a vector K-space M
is called a ∆-K-module, if the elements of ∆
act on M as commuting endomorphisms of the
additive group of M and δ(ax) = aδx+δ(a)x
for any x ∈ M,a ∈ K. We say that a ∆-K-
module M is finitely generated, if it is finitely
generated as a left D-module.

A filtration of a ∆-K-module M is an as-
cending chain (Mr)r∈Z of vector K-subspaces
of M such that DrMs ⊆ Mr+s for all r, s ∈
Z, Mr = 0 for all sufficiently small r ∈ Z,
and

⋃
r∈Z Mr = M . A filtration (Mr)r∈Z is

excellent if all Mr (r ∈ Z) are finitely gen-
erated over K and there exists r0 ∈ Z such
that Mr = Dr−r0Mr0 for any r ∈ Z, r ≥ r0.
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Example. If M =
∑p

i=1 Dxi, then

(Mr =
∑p

i=1 Drxi)r∈Z is an excellent filtra-
tion of M .

Theorem 2 (J. Johnson, 1969). Let
K be a differential field with a basic set
∆ = {δ1, . . . , δm} and let (Mr)r∈Z be an
excellent filtration of a ∆-K-module M .
Then there exists a polynomial χ(t) ∈ Q[t]

such that
(i) χ(r) = dimKMr for all r >> 0.
(ii) deg χ(t) ≤ m and the polynomial χ(t)

can be written as χ(t) =
∑m

i=0 ai
(t+i

i

)
where

a0, a1, . . . , am ∈ Z.
(iii) The degree d and the coefficients am

and ad do not depend on the excellent fil-
tration (Mr)r∈Z.
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(iv) The coefficient am is equal to the max-
imal number of elements x1, . . . , xk ∈ M
such that the set {θxi|θ ∈ Θ, 1 ≤ i ≤ k}
is linearly independent over K. (Such ele-
ments x1, . . . , xk are said to be differentially
(or ∆-) linearly independent over K.).

The polynomial χ(t) is called the differen-
tial dimension polynomial of M associated
with the filtration (Mr)r∈Z. The numbers d,
am and ad are called the differential di-
mension, differential type, and typical
differential dimension of M , respectively;
they are denoted by ∆-dimKM , ∆-typeKM ,
and ∆-tdimKM .
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Sketch of the proof. Notice that the ring
D′ =

⊕
r∈Z Dr/Dr−1 is isomorphic to the

polynomial ring K[X1, . . . , Xm] (D′ is gener-
ated over K by the elements δ̄i = δi + D0 ∈
D1/D0, i = 1, . . . , m. Clearly, δ̄i commute
and δ̄ia = aδ̄i for any a ∈ K, so the isomor-
phism between D′ and K[X1, . . . , Xm] can be
obtained by matching δ̄i with Xi.)

The direct sum
⊕

r∈Z Mr/Mr−1 can be con-
sidered as a D′-module (with (A+Dr−1)(x+
Ms−1) = Ax + Mr+s−1 for any A + Dr−1 ∈
Dr/Dr−1 and x + Ms−1 ∈ Ms/Ms−1). By
the Hilbert Theorem, there is a polynomial
φ(t) ∈ Q[t] of degree at most m− 1 such that
φ(r) = dimK(Mr/Mr−1) for r >> 0. Since
dimKMr =

∑
s≤r dim(Ms/Ms−1), one can

now obtain the main statement of the theorem
from the following well-known result:
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Let f (t) = antn + · · · + a0, (ai ∈ Q) be a
numerical polynomial with f (s) ∈ Z for all
s ∈ Z, s ≥ s0. Then there is a numerical
polynomial g(t) = 1

n+1antn+1+. . . such that
g(r) =

∑r
i=s0+1 f (i) for all r > s0.

There is a close relation between differential
and Krull dimensions of a differential module.

Let M be a module over a commutative ring
R, U a family of R-submodules of M , and
BU = {(N,N ′) ∈ U × U |N ′ ⊆ N}. Also,
let Z = Z

⋃{∞} (a < ∞ for a ∈ Z). Then
there is a unique map µU : BU → Z such that

(i) µU (N, N ′) ≥ −1 for all (N, N ′) ∈ BU ;

(ii) If d ∈ N, then µU (N, N ′) ≥ d if and
only if N 6= N ′ and there is an infinite chain
N = N0 ⊇ N1 ⊇ · · · ⊇ N ′ with Ni ∈ U and
µU (Ni−1, Ni) ≥ d− 1 for i = 1, 2, . . . .
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Then sup{µU (N,N ′)|(N,N ′) ∈ BU} is called
the type of the R-module M over the fam-
ily U ; it is denoted by typeUM . The least
upper bound of the lengths p of chains N0 ⊇
N1 ⊇ · · · ⊇ Np such that Ni ∈ U (0 ≤
i ≤ p) and µU (Ni−1, Ni) = typeUM for
i = 1, . . . , p is called the dimension of M
over U ; it is denoted by dimUM .

Theorem 3 (J. Johnson, 1969). Let K
be a differential (∆-), M a finitely gener-
ated vector ∆-K-module, and U the family
of all ∆-K-submodules of M .
(i) If ∆-dimKM > 0, then typeUM = m
and dimUM = ∆-dimKM .
(ii) If ∆-dimKM = 0, then typeUM < m.

Another application of Theorem 2 is a new
proof of the following theorem on differential
dimension polynomial due to E. Kolchin.
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Let a ∆-field K (Char K = 0, ∆ = {δ1, . . . , δm}),
the semigroup of power products Θ and Θ(r) =
{θ ∈ Θ | ord θ ≤ r} (r ∈ N) be as before.

Let L = K〈η1, . . . , ηn〉 be a differential (∆-)
field extension of K generated by a finite set
η = {η1, . . . , ηn}. (As a field, L = K({θηj|θ ∈
Θ, 1 ≤ j ≤ n}). ) The following fundamental
result describes the growth of the transcen-
dence degree of fields K(Θ(r)η1∪· · ·∪Θ(r)ηn)
(r = 1, 2, . . . ) over K. (Recall that if
F is a subfield of a field G, then elements
b1, . . . , bk ∈ G are said to be algebraically in-
dependent over F if there is no nonzero poly-
nomial f in k variables with coefficients in F
such that f (b1, . . . , bk) = 0. The maximal
number of algebraically independent over F
elements of G is called the transcendence de-
gree of G over F and denoted by trdegFG.)
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Theorem 4 (Kolchin, 1964).
With the above conventions, there exists a

polynomial ωη|K(t) ∈ Q[t] such that

(i) ωη|K(r) = trdegKK({θηj|θ ∈ Θ(r),

1 ≤ j ≤ n}) for all sufficiently large r ∈ Z;
(ii) deg ωη|K ≤ m and ωη|K(t) can be writ-

ten as ωη|K(t) =
∑m

i=0 ai
(t+i

i

)
where a0, . . . , am ∈ Z;

(iii) d = deg ωη|K , am and ad do not depend
on the choice of the system of ∆-generators η
of the extension L/K (clearly, ad 6= am iff
d < m, that is am = 0). Moreover, am is
equal to the differential transcendence degree
of L over K, i. e., to the maximal number
of elements ξ1, . . . , ξk ∈ L such that the set
{θξi|θ ∈ Θ, 1 ≤ i ≤ k} is algebraically inde-
pendent over K.
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Sketch of the J.Johnson’s proof of
the Kolchin Theorem. It is easy to check
that the vector L-space DerKL of all K-linear
derivations of the field L into itself becomes a
∆-L-module if one defines the actions of ele-
ments of ∆ on DerKL as follows:
δ(∂) = δ◦∂−∂◦δ for any δ ∈ ∆, ∂ ∈ DerKL.
Also, setting δ(φ) = δ ◦ φ − φ ◦ δ, one can
consider a structure of a ∆-L-module on the
dual vector L-space (DerKL)∗ =
HomL(DerKL,L) and on the vector L-space
of differentials ΩK(L). (It is generated over L
by all elements dζ ∈ (DerKL)∗ (ζ ∈ L) such
that dζ(D) = D(ζ) for any D ∈ DerKL; one
can easily check that δ(dζ) = dδ(ζ) for any
δ ∈ ∆, ζ ∈ L.)
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Now, using classical results on continuation
of derivations from a field to an overfield, one
can prove the following proposition that, to-
gether with Theorem 2, implies the Kolchin
theorem.

Proposition 5 (J. Johnson, 1969).
With the above notation, let ΩK(L)r (r ∈
N) denote the vector L-subspace of ΩK(L)
generated by the set {dδ(ηi)|γ ∈ Θ(r), 1 ≤
i ≤ s} and let ΩK(L)r = 0 for r < 0. Then

(i) (ΩK(L))r)r∈Z is an excellent filtration
of the ∆-L-module ΩK(L).

(ii) dimKΩK(L)r = trdegKK({δηj|γ ∈
Θ(r), 1 ≤ j ≤ s}) for all r ∈ N.

(iii) The differential dimension polynomial
ωη|K(t) is equal to the differential dimen-

sion polynomial of ΩK(L) associated with
the filtration (ΩK(L))r)r∈Z.
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The polynomial ωη|K defined in the Kolchin
theorem is called the differential dimen-
sion polynomial of the ∆-field exten-
sion K ⊆ L associated with the system
of ∆-generators η.
Let R = K{y1, . . . , yn} be the ring of differ-
ential polynomials over K. (Recall that this
is a ring of polynomials in the countable set of
variables θyi (θ ∈ Θ, 1 ≤ i ≤ n) treated as a
differential (∆-) ring where the action of each
δi is extended from K by setting δi(θyj) =
(δiθ)yj.) Clearly, the ring homomorphism
π : K{y1, . . . , yn} → L = K〈η1, . . . , ηn〉,
that leaves the elements of K fixed and sends
θyi to θηi, commutes with the actions of δj
(such a homomorphism is called differential
or a ∆-homomorphism) and P = Ker π is a
prime differential (∆-) ideal of R.

17



It is called a defining ∆-ideal of the ex-
tension K ⊆ L (or of the n-tuple η over K).
The original proof of the Kolchin theorem, as
well as most of the methods of computation
of differential dimension polynomials, is based
on the consideration of a characteristic set of
the defining ideal.

Conversely, if P is any prime ∆-ideal in R =
K{y1, . . . , yn}, then the quotient field of the
integral domain R/P can be naturally viewed
as a ∆-field extension of K with a finite set
of ∆-generators ηi = yi + P , the canonical
images of the ∆-indeterminates y1, . . . , yn in
R/P . By the Kolchin theorem, one can asso-
ciate with P a numerical polynomial ωη|K(t)

(also denoted by ωP (t) ) called a differential
dimension polynomial of the ∆-ideal P .
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A system of algebraic differential equations
over K is a system of the form

fi(y1, . . . , yn) = 0 (i ∈ I)
where {fi}i∈I ⊆ R; by a solution we mean an
n-tuple with coordinates in some differential
field extension of K that annuls all fi.

Let P be the radical differential ideal gener-
ated by {fi|i ∈ I} in R (that is, P is the rad-
ical of the ideal generated by {θfi|θ ∈ Θ, i ∈
I}). If P is prime (this is always the case if
the system is linear), then one can associate
with P the numerical polynomial ωP (t) called
a differential dimension polynomial of the
system of differential equations. This poly-
nomial, as it was first noticed by A. Mikhalev
and Pankratev (1980), is an algebraic form of
the A. Einstein’s concept of strength of a sys-
tem of differential equations.

19



A. Einstein defined the strength of a system of partial differential equa-
tions governing a physical field in his work The Meaning of Relatuivity.
Appendix II. Generalization of gravitation theory. Princeton, 1953, pp.
133 - 165]:

”... the system of equations is to be chosen so that the field quantities
are determined as strongly as possible. In order to apply this principle, we
propose a method which gives a measure of strength of an equation system.

We expand the field variables, in the neighborhood of a
point P , into a Taylor series (which presuppposes the
analytic character of the field); the coefficients of these
series, which are the derivatives of the field variables at
P , fall into sets according to the degree of differentia-
tion. In every such degree there appear, for the first
time, a set of coefficients which would be free for arbi-
trary choice if it were not that the field must satisfy a
system of differential equations. Through this system of
differential equations (and its derivatives with respect to
the coordinates) the number of coefficients is restricted,
so that in each degree a smaller number of coefficients
is left free for arbitrary choice. The set of numbers of
”free” coefficients for all degrees of differentiation is then
a measure of the ”weakness” of the system of equations,
and through this, also of its ”strength”. ”
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Taking into account the A. Einstein’s approach, one
can say that for r >> 0, the value ω(r) of a differential
dimension polynomial ω(t) of a system of algebraic dif-
ferential equations is the number of Taylor coefficients
of order ≤ r of a solution that can be chosen arbitrarily.

Thus, ω(t) can be viewed as a measure of strength,
that is why the problem of computation of differential
dimension polynomials is important not only for the
study of differential algebraic structures, but also for
the study of equations of mathematical physics. Most
of the known methods of computation of such poly-
nomials (as well as the original proof of the Kolchin
theorem) are based on constructing characteristic sets
of the corresponding prime differential ideals and ex-
pressing the differential dimension polynomials of these
ideals as sums of certain numerical polynomials associ-
ated with the leaders of elements of characteristic sets.
However, in many cases (in particular, in the case of a
system of linear differential equations) the differential
dimension polynomial can be found by application of
Proposition 5 and construction of a free resolution of
the corresponding module of differentials.
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To illustrate this approach, notice, first that the dif-
ferential dimension polynomial ωD(t) associated with
the filtration (Dr)r∈Z of the ring of ∆-operators D over
a differential field K with a basic set ∆ = {δ1, . . . , δm}
is equal to

(
t+m
m

)
. Indeed, for all r ≥ 0, dimKDr =

Card{δk1
1 . . . , δkm

m | ∑m
i=1 ki ≤ r} =

(
r+m
m

)
.

Let Fk be a free left D-module of rank k with free
generators f1, . . . , fk. Then for every l ∈ Z, one can
consider an excellent filtration ((F l

k)r)r∈Z of the module

Fk such that (F l
k)r =

∑k
i=1 Dr−lfi for every r ∈ Z.

We obtain a filtered ∆-K-module denoted by F l
k. The

expression of ωD(t) imply the following expressions for
the differential dimension polynomial χM(t) of
M = F l

k:

χM(t) = k

(
t + m− l

m

)
. (1)

A finite direct sum of such filtered ∆-K-modules is
called a free filtered ∆-K-module. The corresponding
differential dimension polynomial is a sum of polynomi-
als of the form (1).

22



If L = K〈η1, . . . , ηn〉, then ΩK(L) is generated over
D by the finite set {dη1, . . . , dηn}, and there exists a
finite resolution

0 → Mq
dq−1−−→ Mq−1 → . . .

d0−→ M0
ρ−→ ΩK(L) → 0

where each Mi is a free filtered ∆-K-module and ρ,
d0, . . . , dq−1 are ∆-homomorphisms of filtered D-modules.
In this case ωη|K(t) can be expressed as

ωη|K(t) =
∑q

i=1(−1)iχMi
(t), so we can find ωη|K(t)

as a sum of polynomials of the form (1).
Example 1. Wave equation:

δ2
1y + δ2

2y + δ2
3y − δ2

4y = 0.

The differential dimension polynomial of this equation
is the differential dimension polynomial of the ∆-field
extension K〈η〉 ⊃ K where η is the canonical image of
y in the quotient field L of K{y}/[δ2

1y+δ2
2y+δ2

3y−δ2
4y].

The resolution of the module of differentials is

0 → F 2
1 → F 0

1 → ΩK(L) → 0

whence ωη|K(t) =
(
t+4
4

)− (
t+2
4

)
= 2

(
t+3
3

)− (
t+2
2

)
.
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Example 2. Equations for electromagnetic field
given by the potential:

4∑
j=1

(δ2
i yi − δiδjyj) = 0 (i = 1, 2, 3, 4)

4∑
j=1

δjyj = 0.

In this case the resolution of the module of differentials
is

0 → F 3
1 → F 2

4

⊕
F 1

1 → F 0
4 → ΩK(L) → 0,

so the differential dimension polynomial

ω(t) = 4

(
t + 4

4

)
+

(
t + 1

4

)
− [4

(
t + 2

4

)
+

(
t + 3

4

)
]

= 6

(
t + 3

3

)
−

(
t + 2

2

)
− (t + 1).
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In 1975 W. Sit proved that the set W of all differen-
tial dimension polynomials associated with differential
field extensions is well-ordered with respect to the nat-
ural order: f (t) ≤ g(t) if and only if f (r) ≤ g(r) for
r >> 0. It follows that every finitely generated dif-
ferential (∆-) field extension K ⊂ L has a system of
differential generators η = {η1, . . . , ηn} such that for
any other system of ∆-generators ζ of L over K, one
has ωη|K(t) ≤ ωζ|K(t). In this case we say that ωη|K(t)
is the minimal differential dimension polyno-
mial of the extension, it is denoted by ωL|K(t).

There is no algorithm of computation of minimal dif-
ferential dimension polynomials. The following result is
one of the few known facts about such polynomials.
Theorem 6 (A. Mikhalev, E. Pankratev, 1980).
Let us consider the set Wm of all differential dimension
polynomials associated with differential field extensions
whose basic set consists of m derivations and that have
type m − 1 and typical differential dimension r. Then(
t+m
m

)− (
t+m−r

m

)
is the minimal polynomial in Wm.
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As a consequence of the last theorem we obtain that
the differential dimension polynomial ωη|K(t) =

(
t+4
4

)−(
t+2
4

)
= 2

(
t+3
3

) − (
t+2
2

)
obtained for the wave equation

(Example 1) is the minimal polynomial of the corre-
sponding differential field extension K〈η〉 ⊃ K.
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In what follows, K denotes a differential field
of zero characteristic whose basic set ∆ is a
union of p disjoint finite sets (p ≥ 1): ∆ =
∆1

⋃ · · ·⋃ ∆p, where ∆i = {δi1, . . . , δimi
}

(i = 1, . . . , p). In other words, we fix a parti-
tion of the set ∆.

For any θ = δ
k11
11 . . . δ

k1m1
1m1

δ
k21
21 . . . δ

kpmp
pmp ∈ Θ,

we define the order of the element θ with re-
spect to ∆i as follows: ordi θ =

∑mi
j=1 kij

(i = 1, . . . , p).

If r1, . . . , rp ∈ N, we set Θ(r1, . . . , rp) =
{θ ∈ Θ|ordi θ ≤ ri for i = 1, . . . , p} and
Θ(r1, . . . , rp)ξ = {θ(ξ)|θ ∈ Θ(r1, . . . , rp)}
for any ξ ∈ F .

As before, L = K〈η1, . . . , ηn〉 is a ∆-field ex-
tension of K generated by the set η = {η1, . . . , ηn}.
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Theorem 7.
(i) With the above conventions, there exists
a polynomial Φη(t1, . . . , tp) ∈ Q[t1, . . . , tp]
such that

Φη(r1, . . . , rp) = trdegKK(

n⋃

j=1

Θ(r1, . . . , rp)ηj)

for all sufficiently large (r1, . . . , rp) ∈ Np

(i. e., there exist s1, . . . , sp ∈ N such that the
last equality holds for all elements (r1, . . . , rp) ∈
Np with r1 ≥ s1, . . . , rp ≥ sp);
(ii) degtiΦη ≤ mi (1 ≤ i ≤ p), so that
deg Φη ≤ m and the polynomial Φη(t1, . . . , tp)
can be represented as

Φη =

m1∑

i1=0

. . .

mp∑

ip=0

ai1...ip

(
t1 + i1

i1

)
. . .

(
tp + ip

ip

)

where ai1...ip ∈ Z for all i1, . . . , ip.
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For any permutation (j1, . . . , jp) of the set
{1, . . . , p}, we define the lexicographic order
≤j1,...,jp on Np as follows: (r1, . . . , rp) ≤j1,...,jp
(s1, . . . , sp) iff either rj1

< sj1
or there exists

k ∈ N, 1 ≤ k ≤ p − 1, such that rjν = sjν
for ν = 1, . . . , k and rjk+1

< sjk+1
.

If Σ ⊆ Np, then Σ′ denotes the set
{e ∈ Σ|e is a maximal element of Σ with
respect to one of the p! lexicographic orders
≤j1,...,jp}.
Example 3.
Let Σ = {(3, 0, 2), (2, 1, 1), (0, 1, 4), (1, 0, 3),

(1, 1, 6), (3, 1, 0), (1, 2, 0)} ⊆ N3.
Then Σ′ = {(3, 0, 2), (3, 1, 0), (1, 1, 6), (1, 2, 0)}.
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Theorem 8. Let K be a differential field
whose basic set of derivation operators ∆ is a
union of p disjoint finite sets (p ≥ 1): ∆ =
∆1

⋃ · · ·⋃ ∆p, where ∆i = {δi1, . . . , δimi
}

(i = 1, . . . , p). Let L = K〈η1, . . . , ηn〉 be a
∆-field extension of K with the finite set of ∆-
generators η = {η1, . . . , ηn} and Φη(t1, . . . , tp)

=

m1∑

i1=0

. . .

mp∑

ip=0

ai1...ip

(
t1 + i1

i1

)
. . .

(
tp + ip

ip

)

the corresponding dimension polynomial.
Let Eη = {(i1, . . . , ip) ∈ Np|0 ≤ ik ≤ mk
(k = 1, . . . , p) and ai1...ip 6= 0}.
Then d = deg Φη, am1...mp, elements

(k1, . . . , kp) ∈ E′η, the corresponding coeffi-
cients ak1...kp

and the coefficients of the terms
of total degree d do not depend on the choice
of the system of ∆-generators η.
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Example 4.
Let F be a differential field with a basic set

∆ = {δ1, δ2}, G = F 〈η〉 and the defining
equation on the ∆-generator η is as follows.

δa
1δb

2η + δa+b
2 η = 0 (2)

where a, b ∈ N. In other words, G is ∆-
isomorphic to the quotient field Q(F{y}/P )
where P is the linear ∆-ideal of F{y}
generated by f (y) = δa

1δb
2y + δa+b

2 y.
It can be shown that

ωη/F (t) = (a + b)t− (a + b)(a + b− 3)

2
and

Φη(t1, t2) = (a+b)t1 +at2 +2a+b−ab−a2 .
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Comparing the classical Kolchin polynomial
ωη/F (t) and the polynomial Φη(t1, t2) we see

that ωη/F (t) carries two differential birational
invariants, its degree 1 and the leading coeffi-
cient a + b, while Φη(t1, t2) carries three such
invariants, its total degree 1, a + b, and a
(therefore, a and b are uniquely determined
by the polynomial Φη). In other words, if
ξ = {ξ1, . . . , ξq} is any other system of ∆-
generators of the ∆-extension G/F , then
ωξ/F (t) = (a + b)t + c1 and

Φξ(t1, t2) = (a + b)t1 + at2 + c2
for some integers c1 and c2. Thus, Φη(t1, t2)
gives both parameters a and b of the equation
(2) while ωη/F (t) gives just the sum of the
parameters.
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Bulletin, 23 (1989), no. 2, 34 - 38.

[62] Zukerman, I. A new measure of a partial differential field extension. Pacific J. Math., 15
(1965), no. 1, 357 - 371.

37


