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(1) Introduction. L. Fuchs posed the problem:
Consider the differential operator

L=0"4+a, 10" 14+ ... 4 a0+ ag with a; €
K = C(z) and 0 = d%' Suppose that the n

independent solutions yi,...,yn Of the scalar
differential equation L(y) = 0 satisfy a non
trivial homogeneous equation F'(y1,...,yn) =0

over C. Can one express the y;, in terms of
solutions of scalar linear differential equations
of lower order?

G. Fano wrote a long paper (1900) on this
theme. His tools were an early form of the dif-
ferential Galois group and an extensive knowl-
edge of low dimensional projective varieties.



One of Fano's examples is (simplified):

A basis y1,...,ys Of the solutions of Lg =

8°+2pd34-3p' 8%+ (3p" +p°—4q) 0+ ("' +pp'—2¢")

satisfies ny = 0. All solutions for Lg can be
obtained from L4 = 8% + 9pd + ¢. Indeed, any
two solutions wq,u> of L, yield the solution
ulu’2 — u’1u2 of Lg.

In papers (1985-1988) of M.F. Singer and in
a recent paper of K.A. Nguyen, a powerful
combination of Tannakian methods and rep-
resentations of semi-simple Lie algebras yields
a complete answer to Fuchs’ question.

We will explain this and then come to the
theme of this talk:

Explicit methods for solving a differential equa-
tion in terms of equations of lower order, when-
ever possible.



(2) Some differential Galois theory

A scalar equation of order n can be trans-
formed into a matrix differential equation
= AY with A € Matr(n,K) and Y € K™.

It can be transformed further into a differen-
tial module M = (M,0) over K, where M is
an n-dimensional vector space over K and the
additive map 0 : M — M satisfies 9(fm) =
f'm + fom.

The differential module (M, 9) obtained from
the matrix equation Y/ = AY is M = K™ and
0= 3+ —A. The equation 9m = 0 is the trans-
Iatlon of Y/ = AY.



Let M be a differential module over K of di-
mension n, corresponding to Y/ = AY. There
exists an extension of differential fields K C L,
called the Picard-Vessiot extension, such that
(i) There exists a FF € GL(n,L) with I/ = AF,
(ii) L is generated over K by the entries of F,
(iii) L and K have the same field of constants
(here C).

The translation of (ii) in terms of M is:
V=V(M):=ker(0,LQ M) is a vector space
over C of dimension n. This is called the solu-
tion space.

T he differential Galois group G = Gal(M) of M
is the group of the differential automorphisms
of L/K. The induced action of G on L ® M
commutes with 9 and thus G acts on V(M).
T his action is faithful and embeds G as a linear
algebraic group in GL(V'). Further (gal(M),V)
will denote the Lie algebra of Gal(M) acting
on the solution space V.



Example: y(2) = zy over K = C(z) has module
form: M = Keq + Key by 0e1 = en, Oer = zeq.
L = K(y1,97, Y2, y5) With yz-(z) = zy; fori=1,2
and with the only relation y1y5 — yjyo = 1, is
the Picard-Vessiot extension. V = V(M) has
basis {—yle1 + y;en| ¢ = 1,2} over C. Further
Gal(M) = SL(V) and (gal(M),V) = (sl(V), V).

Definition: Let d > 2 be an integer. A differen-
tial module M is called d-solvable if there exist
differential fields K = K{ C Ko C --- C Ky,
with [K;41 : K;] < oo or is the Picard-Vessiot
extension of a differential module of dimension
< d, and K, contains a Picard-Vessiot field for
M.

Fuchs’ question reads now: Suppose that a

basis of the solutions yq,...,yn Of an diff. eqgn.
L(y) = 0 satisfies some non trivial homoge-
neous equation F(y1,...,yn) = 0 over C. Is L

then (n — 1)-solvable?



A (neutral) Tannaka category T is an abelian
category having tensor products, internal homs
etc. Main result: T is a Tannaka category
if and only if T' is equivalent to the category
Reprq of the finite dimensional representations
(here over C) of an affine group scheme G.

The category Diffg of all diff. mod. over K
is @ Tannaka category. For a fixed differen-
tial module M one considers the subcategory
{{M}} of Diffyg, generated by M and closed
under all operations of linear algebra. Now
{{M}} is again a Tannaka category and equiv-
alent to Reprg with G = Gal(M). This equiva-
lence can be made explicit by using the Picard-
Vessiot field L, namely

N e {{M}} — ker(0,L ®, N) = V(N) and the
latter is a Gal(M )-representation.



(3) Answer to Fuchs’ question.

Criterion. (M.F. Singer)
Let dimpg M =n >3 and Gal(M) C SL(V(M))
(can be assumed without loss of generality).

Then M is not (n—1)-solvable iff (gal(M),V (M))
satisfies: gal(M) is a simple Lie algebra and
V(M) is a representation of smallest dimen-
sion.

Sketch. We may suppose that Gal(M) is con-
nected (for this a finite extension of K is needed).
Necessary is: M is (absolutely) irreducible.

Then Gal(M) is a semi-simple algebraic group
with semi-simple Lie algebra g. Now we need
the following non constructive result.



Proposition. Let Gt — G be a surjective mor-
phism of connected linear algebraic groups over
C having a finite kernel Z. Let M be a differen-
tial module over K with Gal(M) = G. Suppose
that K is a Cq-field (if not, a finite extension
of K is needed). Then there exists a differ-
ential module N over K with Gal(N) = GT,
such that the representation (Gal(N),V(N))
has minimal dimension and M € {{N}}.

We apply this with G = Gal(M) and G7 is
the simply connected group with Lie algebra
g. Thus we may replace M by N or assume
that Gal(M) is simply connected.

Now we have equivalence of the categories
{{M}} — Reprgayary — Reprgqar)- Hence the
representation V(M) of the semi-simple Lie al-
gebra gal(M) cannot be obtained by represen-
tations of smaller degree.



This implies that gal(M) is semi-simple and
that V(M) is a representation of smallest di-
mension.

Fuchs’ question has a negative answer if the
corresponding representation (Gal(M),V(M))
admits a non trivial invariant homogeneous form
F'. The following list gives the complete an-
swer.

Simple Lie algebras, smallest dimension, degree of F

symbol Lie algebra | smallest | deg F’
An n>1 Slp+1 n—+1 NO
By, n >3 SO2n+1 2n + 1 2
Chn n > 2 SPon, 2n NO
Dy, n >4 S02p, 2n 2
Eg €6 27 3
E7 €7 56 4
Eg eg 248 2
Fp fa 26 2
Go g2 7 2

03 = slp, so4 = sly X slo, sog = spa, sog = slg.



(4) Reduction to smaller dimensions.

Assumptions: M of dimension n with

Gal(M) C SL(V(M)) and is connected (this is
a simplifying assumption) and (gal(M),V(M))
irreducible.

Aim: If M is (n — 1)-solvable, give an explicit
“minimal” N of dimension < n, i.e., N is not
(—1+4dim N)-solvable, such that (possibly after
a finite extension of K) one has M € {{N}}.

T here are two cases:

gal(M) is simple and V(M) is not of minimal
dimension.

gal(M) is a product g1 x--- xgs and V(M) is a
tensor product Vi ®---QVs with V; an irreducible
representation of g; for all q.



Recall: Let g be a semi-simple Lie algebra.
Thereis a ‘largest’ connected group GG with Lie
algebra g. This G is simply connected. The
adjoint action of G on g has a finite kernel
Z, the center of G. We call G the standard
group and G/Z the adjoint group. Any other
connected group with Lie algebra g has the
form G/Z' for some subgroup Z' C Z. Here is
the list for Z and g simple:

Z/(n+ 1)Z for Ap; (SL,41 and Z its center).
Z/QZ for Bg,Cg,Eﬁ

1,27 x 7./27 for D, with ¢ even;

Z./47 for D, with ¢ odd;

7,/37 for Eg;

O for Eg,F4,G2.

We will use Fact: If W is a faithful represen-
tation of a group H, then Repryg = {{W}}.



(4.1) Suppose that g is simple and that Gal(M) =
G is simply connected.

Then one has equivalences

{{M}} — Reprg — Reprg. Further Reprg =
{{V(M)}} since the representation (G,V(M))
is faithful. Thus Reprg is generated by (g, V(M)).

Let W be a faithful representation of g of min-
imal dimension. Then W is obtained by a con-
struction of linear algebra (which can be made
explicit) from (g,V(M)). Using the equiva-
lences, the same construction of linear algebra
applied to M produces the required minimal N
with M € {{N}}.



(4.2) Assume g is simple and Gal(M) = G/Z
where the center Z of the simply connected GG
is not trivial.

The category Reprgq vy = {{V(M)}} has as
generator the adjoint representation Ad of G.
Hence {{Ad}} = {{V(M)}} and there are con-
structions of linear algebra from V(M) to Ad
and vice versa. These constructions can be
found explicitly by viewing V(M) and Ad as g-
modules and using, say, the Lie algebra packet
LiE.

The equivalence {{M}} — Reprgqn) Yields,
by the same construction of linear algebra, a
diff. module [Ad] from M such that V([Ad]) =
(G, Ad). Such a differential module will be
called an adjoint differential module.

A standard diff. module is defined as a differ-
ential module N such that (Gal(N),V(N)) is a
faithful G-module of minimal dimension.



Let (G,W) be a faithful G module of minimal
dimension, then the G-module End(W) con-
tains g as G-submodule. This is the adjoint
representation of G.

Thus a standard diff. module N produces an
adjoint diff. module M as submodule of End(N).

We will make this explicit.

Under the assumption that K is a C;-field, one
has (NV,0) = (K ® V,0g) with V is a faithful g-
module of minimal dimension. Further 0qg =
0o + S where g is the derivation defined by 0Jg
is zero on V and some S € K®cg C Endg(N).

Then the adjoint module M = K®cg C End(V)
with derivation A — 9p(A) + [A, S], where 9 is
given by Jp is zero on g.

Now our problem is to produce a standard diff.
module N for a given adjoint diff. module M.



Theorem. Suppose that K is a Ci-field. Let
M be an adjoint differential module. There ex-
ists a unique S € g(K) such that M is isomor-
phic to the adjoint module induced by (N, 0g).
Moreover, S can be obtained by a reasonable
algorithm.

Sketch. V(M) =g and [, ]: A?g — g comes
from a (unique up to C*) Lie algebra structure
[, 1o i A2M — M with

Ola,blpr = [0a, bl pr + [a, Ob] s

I [, ]ps generates the 1-dimensonal C-vector
space (kerd, Hom(A2M, M) !

The assumption K is a (q-field implies that
there exists an isomorphism of Lie algebras « :
M — K®cg. In particular, M has a split Cartan
subalgebra.

I A split Cartan submodule can be computed,
this gives an explicit o« and a 9Jp !



The K-linear map 0 — dp on M is a K-linear
derivation [ ,S] of the Lie algebra M.

' The Se M = K ®g can be computed! O

A baby example for the theorem (Fano, Singer,
van Hoeij, vdP):

M of dimension 3 with Galois group PSL» over
a Cq-field is a sym?N with N of dimension 2
and Galois group SLo.

Fano's example of the introduction.

M of dimension 5 with (Gal(M),V(M)) the
standard representation of SOg. The Lie al-
gebra of SOg is sps and SOs = Spa/up is the
adjoint group.

We use now the packet Lie. Notations: the
fundamental weights for sp, are denoted by
w1,wo. Any irreducible representation is given



by a combination nijwi + nowo with integers
ni,no > 0. One writes [nl,ng].

The standard representation is [1,0] (dim 4),
the adjoint representation of [2,0] (dim 10).
M corresponds to [0, 1] (dim 5) and A2[0, 1] =
[2,0]. Hence A2M is an adjoint diff. module
and the above produces the standard module
N of dimension 4 with M € {{N}}.

There is a quicker way to compute N, namely
by the observation A2[1,0] = [0, 1] + [0, 0] and
some tricks.

(5) In the following table of irreducible repre-
sentations, fundamental weights wq,...,wg are
fixed and [n1,...,ny4] is the irreducible repre-
sentation with weight nqw1 + -+ + ngwy.



Table of the irreducible representations of
dimension d < 6.

d | Liealg | repr N? sym?

2 | sh [1] 0] 2]

3 | sb 2] [2] [4], [0]

3 5[3 [1701 [07 1] [210]

4 1 sl 3] 4], [O] 6], [2]

4 | sly 1,0, 0] 0, 1, 0] 2,0, 0]

4 | sp, (1,0 0, 1], [0, O] 2, 0]

4 | sl xslp | M]®[1] 0] ® [2], [2] ® [O] 0] ® [0], [2] ® [2]
5 1 sl 4] 6], [2] 8], [4], [O]

5 | spy 1o, 1] 2, 0] 0, 2], [0, O]

51 sls [1,0,0, 0] 0,1,0,0] 2,0,0,0]

6 | sl3 112, 0] [2,1] 4, 0], [0, 2]

6 | sla 1170, 1, 0] [1,0,1] 10,2,0], [0, 0, 0]

6 | sle [1,0,0,0,0] | [6,1,0,0,0] [2,0,0,0,0]

6 5p6 [17070] [07170]7 [07070] [21070]

6 | slo xsl | N[1]®[2] 0] ® [O], [0] ® [4], [2] ® [2] 0] ® [2], [2] ® [0], |
6 | slo xslz | M1] ®[1,0] 0] ® [2,0], [2] ® [0, 1] 0] ® [0,1],[2] ® [2

For the sl,, with n > 2 we have omitted duals
of representations.

symmetric cases.

Further we have left out
The decompositions of the

second symmetric power and the second exte-
rior power are useful to distinguish the various

cases. T he items with a Il

can be expressed

in terms of representations of lower dimension.



In dimensions 7 — 10, one finds for the new
items of this sort (here we omit the case sl5
and again we omit duals and symmetric situa-
tions) the list:

slz with [1,1] (dim 8), [3,0] (dim 10);

sl4 with [2,0,0] (dim 10);

sls with [0,1,0,0] (dim 10);

so7 with [0,0,1] (dim 8);

sp, with [2,0] (dim 10);

sl x slo with [1] ® [3] (dim 8); [2] ® [2] (dim 9); [1] ® [4] (dim 10);
sly x sl3 with [2] ® [1,0] (dim 9);

slo x sl4 with [1] ® [1,0,0] (dim 8);

sly X sp, with [1] ® [1,0] (dim 8), with [1] ® [0,1] (dim 10);

slo x sls with [1] ® [1,0,0,0] (dim 10);

sl3 x sl3 with [1,0] ® [1,0] (dim 9);

sly x sly x sl with [1] ® [1] ® [1] (dim 8).



(6) More explicit cases.

Case sl4 with [0,1,0], corresponds to SL4/us.
(Note that the adjoint case is [1,0,1] with

group SlLg4/pa).

Theorem. Let M be a differential module of
dimension 6. Equivalent are:

(1) M = A2N for some module of dimension 4
with det N = 1.

(2) There exists F € sym?2M with 8F = 0 such
that F' is non degenerate and M has a totally
isotropic subspace of dimension 3.

We show here the proof of (2)=(1)

By assumption F' can be written in the form

F'=mjom3q — m13mog + mi4m23

for a basis mqp,...,m34 of M. Let (a;;) be
the matrix of @ on M with respect to this basis,

l.e., amw = zakzl,ijmkl-



The equality OF = 0O is equivalent to the set of
equalities

i = 0 if {i,5,k, 1} = {1,2,3,4} ; aujij + o = 0 for ij #= ki ;

Ak jk = :I:aikgjk/ if {i,j, k, k,} = {1, 2, 3, 4} and
the sign is — for {i,j} = {1,3}, {2,4} and is + for the other tuples
{i,7}. (Note that in the last set of relations we do not insist on

i<k, <k etc.).

Consider a vector space N over K with ba-
Sis n1,...,n4, define the K-linear bijection f :
AN2N — M by sending Nij = Ny N\ 1 to My for
all 1 <1 <3< 4. On N we consider an oper-
ation of 9 given by a matrix (5; ;). Now f is
an isomorphism of differential modules if and
only if ﬁi,j satisfies the set of equations

BiitB; = cujij for 1 <i <3 <4, By =agjp ifa<b a<y, b<yj,;
Bap = —Qqgiqp if a <b, a<i, i<b; Bap = Qgip ifa<b, i<a, i<b;

Bap = gjp; iFb<a,a<j b<j,; Bap=—apj ifb<a, j<a, b<j,;
Bap = Qigip iTb<a, i<a, 1 <b.



This overdetermined set of equations has a
unique solution. Indeed, one finds

P11 = (a12,12+@1313—2323) /2, P22 = (232342424 —3434)/2 ,

B33 = (a2323+ 3438 —2424)/2, Pas = (a2424+3438—2323)/2 .
For each a = b the above list gives two equa-
tions for 5@,1;- T he two equations coincide, due
to the relations oy ;1 = *ay e, listed above.

Xk kK

Case sly x sly with [1] ® [1].

theorem Let M be a differential module over
K of dimension 4 with det M = 1 (no further
conditions on M and K). Equivalent are:

(1) M is isomorphic to A® B for modules A, B
of dimension 2 and with detA=detB =1

(2) There exists F € sym?M, OF = 0, F is non
degenerate and has an isotropic subspace of
dimension 2.



We show here (2)=(1).

For a suitable basis {m;;| 1 <1,j <2} one has
F=m11 ®mo>—mioQ®moq1. We consider now
K-vector spaces A and B with bases aq,a, and
bi1,b>. Define a K-isomorphism ¢ : AQ B — M
by sending a; ® b; to my; for all 1 < 4,5 < 2.
We make A and B into differential modules by
putting 8&7; = ZOAJ"iCLj and 8bz = 26]77])] The
two matrices («; ), (B; ;) are as yet unknown.
We only require that their traces are O.

Let & on M be given by Om;; = > vk
The assumption O0F = 0O leads to

V11,22 = V722,11 = V12,21 = V21,12 = 0, Y11,11+722,22 = Y12,12+72121 = 0,

Y12,11 = 722,21, Y21,11 = 722,12, Y12,22 = 711,21, 7Y21,22 = 7Y11,12 -

The assumption that ¢ is an isomorphism of
differential modules leads to a unique solution
for the matrices («; ), (8i;), namely

Q1.2 = 711,21 = V12,22, &2 1 = V22,12 = V21,11 >



a11 = (711,22+712,12)/2, azo = (y21,21+722,22)/2,
B12=711,12 = 721,22, B2,1 = 72221 = 712,11 >

B11 = (v11,22+721,21)/2, B22 = (v12,12+722,22) /2 .



