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Analytic q-difference equations, universal
rings and universal Galois groups.
(joint work with Marc Reversat)

Notation: q ∈ C, 0 < |q| < 1, q = e2πiτ ,
im(τ) > 0, qλ := e2πiτλ

Difference field F , provided with an
automorphism φ of infinite order.

Ex: K = C({z}), K̂ = C((z)) and their alge-
braic closures K, K̂. Everywhere φ(zλ) = qλzλ.

Difference module M = (M,Φ), dimF M < ∞,
Φ : M → M additive, bijective and Φ(fm) =
φ(f)Φ(m). Solution: m ∈ M with Φ(m) = m.

Can be converted into a matrix difference equa-
tion y(z) = A(z)y(qz), A ∈ GLn(F )
and into a scalar difference equation, like
y(q2z) + a1y(qz) + a0y(z) = 0, a0, a1 ∈ F
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Regular singular modules

M is called regular singular if M contains a
C{z}-lattice, invariant under Φ,Φ−1. By the
following constructions of linear algebra:
sum: M1⊕M2 with Φ(m1, m2) = (Φm1,Φm2),
tensor product: M1 ⊗ M2 = M1 ⊗F M2 with
Φ(m1 ⊗m2) = (Φm1)⊗ (Φm2),
they are obtained from the two examples:
(a) Ke,Φ(e) = c−1e, c ∈ C∗.
Symbolic solution e(c) · e with interpretation
zd where d = log c

2πiτ , for e(c).
(b) Un := Ke1 + · · ·+Ken with Φ given by the
matrix 

1 1
1 1

1
1



is called unipotent of length n. All solutions
live in K[`] with φ(`) = `+1. Interpretation of
` is log z

2πiτ .
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Irregular modules

Ke, Φe = z−te, with integer t 6= 0, is
irregular; Symbolic solution e(zt) · e. Meromor-
phic interpretation on C∗ of e(zt) is Θ(−z)−t

with Θ :=
∑

n∈Z qn(n−1)/2(−z)n.
Indeed, (−z)Θ(qz) = Θ(z).

Towards a classification of difference

modules over K.
G.G. Birkhof, P.E. Guenther, C.R. Adams,
J.-P. Ramis, Ch. Zhang, J. Sauloy, A. Duval
et al.
Ingredients: K[Φ,Φ−1], the skew ring of dif-
ference operators, is Euclidean.
Any difference module M is cyclic, i.e., M ∼=
K[Φ,Φ−1]/K[Φ,Φ−1]L with
L = Φm +am−1Φ

m−1+ · · ·+a1Φ+a0, a0 6= 0.

The Newton polygon of M is obtained from the
order of the coefficients ai of L. The slopes of
the Newton polygon are in Q.
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Definition: M is pure if there is only one slope.
Examples:
M is regular singular ⇔ M is pure of slope 0.

Ke, Φe = czte, c ∈ C∗ is pure of slope t.

Definition of E(czt/n) = (Kne, Φe = czt/ne),
with n ≥ 1, (t, n) = 1, c ∈ C∗, |q|1/n < |c| ≤ 1, is
considered as difference module over K. Then
E(czt/n) has dimension n over K and slope t/n.

The classification of the pure difference mod-
ules over K follows from:

Thm. The indecomposable pure modules over
K are E(czt/n) ⊗ Um with |q|1/n < |c| ≤ 1.
Further(t/n, cn, m) is unique.

This is ‘equivalent’ to the Atiyah’s classifica-
tion of the indecomposable vector bundles on
the elliptic curve Eq = C∗/qZ.
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The slope filtration and moduli spaces

Theorem (Birkhoff, Adams, Ramis, Sauloy)

M has a unique tower of submodules

0 = M0 ⊂ M1 ⊂ · · · ⊂ Mr = M such that every

Mi/Mi−1 is pure of slope λi and λ1 < · · · < λr.

One writes gr(M) := ⊕Mi/Mi−1.

Choose pure modules Pi of slope λi with

λ1 < · · · < λr and put S := P1 ⊕ · · · ⊕ Pr.

Consider pairs (M, f) with f : gr(M) → S an

isomorphism. Two pairs (M(1), f1), (M(2), f2)

are equivalent if there exists an isomorphism

g : M(1) → M(2) with f1 = f2 ◦ gr(g).

Thm. There exists a fine moduli space for the

collection of equivalence classes of the pairs

(M, f). This moduli space is isomorpic to CN

with N =
∑

i<j(λj − λi) dimPi · dimPj.
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Basic example, present in the work of G. Birkhoff.

P1 = Ke1,Φe1 = e1,

P2 = Ke1, Φe2 = (−z)te2 and t > 0.

The moduli space is Ct and the universal family

above this moduli space is

K[x0, . . . , xt−1]e1+K[x0, . . . , xt−1]e2, Φe1 = e1,

Φe2 = (−z)te2 +(x0 + x1z + · · ·+ xt−1zt−1)e1 .

Remark: Over the field K̂ = C((z)) every q-

diff.module is direct sum of pure modules. For

a q-diff.module M over K the decomposition of

K̂ ⊗M into pure modules introduces divergent

power series. Example: f =
∑

n≥1 q−n(n+1)/2zn,

solution of (z−1φ− 1)f = 1. This plays an im-

portant role for the (universal) difference Ga-

lois group.
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Difference Galois groups

A q-diff. module M has, as in the differential

case, a Picard-Vessiot ring PV ⊃ K, a solution

space Sol(M) = ker(Φ − 1, PV ⊗ M) of finite

dimension over C and a difference Galois group

Gal(M) consisting of the K-automorphisms of

PV commuting with φ. The group Gal(M)

acts faithfully on Sol(M) and is identified with

an algebraic subgroup of GL(Sol(M)).

M is called split if M is a direct sum of pure

modules. For the indecomposable pure module

M := E(czt/n)⊗Um the difference Galois group

is explicitly known. Indeed, there is an exact

sequence (not semi-direct)

1 → C∗(×C) → Gal(M) → (Z/nZ)2 → 0 .

For general M the module S := gr(M) is split

and M corresponds to a point ξ in the moduli



space corresponding to S. There is an exact

sequence

1 → Uξ → Gal(M) → Gal(S) → 1,

where Uξ is a computable unipotent group de-

pending on ξ with known action of Gal(S).

Conclusion: Gal(M) is computable.

Remark: Unlike the differential case, Gal(M)o

is solvable!

Universal Picard-Vessiot rings and the

universal difference Galois groups.

For a Tannakian category of q-difference equa-

tions one can form a (universal) Picard-Vessiot

ring U and a difference Galois group, which is

an affine group scheme and corresponds to the

automorphisms of U commuting with φ.



(1) All regular singular modules over K. Its
PVR is Univrs = K[{e(c)}c∈C∗, `] with rules:

e(c1c2) = e(c1)·e(c2), e(qλ) = z−λ for rational λ

and φ(e(c)) = c−1e(c), φ(`) = 1 + `

The corresponding difference Galois group Grs

is Hom(C∗/qZ,C∗)×C.

(2) All split q-diff. modules over K has PVR

Univsplit = K[{e(c)}c∈C∗, `, {e(zλ)}λ∈Q]

with additional rules

e(zλ+µ) = e(zλ) · e(zµ), φ(e(zλ)) = z−λ · e(zλ)

Its difference Galois group Gsplit admits an ex-
act sequence

1 → Hom(Q,C∗) → Gsplit → Grs → 1

The group scheme Gsplit is not a semi-direct
product and Hom(Q,C∗) lies in the center of
Gsplit. This contrasts the differential case!



(3) ∆K = All q-difference modules over K.

The universal PVR is Univ = D[{e(c)}, `, {e(zλ)}]
where D is the K-subalgebra of K̂ consisting

of the elements f ∈ K̂ satisfying a scalar q-

differential equation over K.

D is generated as a K-algebra by the solutions

in K̂ of all equations of the form

(z−λ1φ− 1)m1 · · · (z−λrφ− 1)mrf = 1 ,

where 0 < λ1 < · · · < λr, r ≥ 1, m1, . . . , mr ≥ 1.

The difference Galois group Gconv admits an

exact sequence (semi-direct product)

1 → N → Gconv → Gsplit → 1

and N is a connected locally unipotent group

scheme determined by its (pro-) Lie algebra

Lie(N) consisting of the K-linear derivations

D : D → Univ commuting with φ. If Lie(N)

is known in detail then also Gconv would be

known. The obstruction is the absence of an

explicit description of the algebra D.



Now we present the intermediate Tannakian

category ∆2,K ⊂ ∆K, generated by the differ-

ence modules having at most two slopes. One

has PV R(∆2,K) = D2[{e(c)}, `, {e(zλ)}] for a

certain K-subalgebra D2 ⊂ D ⊂ K̂ and a uni-

versal difference Galois group G2 which is the

semi-direct product of Gsplit and a (connected)

unipotent group scheme N2. The latter is a

quotient of N and the pro-Lie algebra Lie(N2)

is a quotient of Lie(N). Any D ∈ Lie(N2) is

a K-linear derivation D : D2 → PV R(∆2,K),

commuting with φ.

The elements fm,c,µ.

For µ ∈ Q with µ > 0, c ∈ C∗ with |qµ| < |c| ≤ 1

and m ≥ 1, the unique solution in K̂ of the

equation (c−1z−µφ−1)my = 1 is called fm,c,µ.

Theorem: D2 is generated over K by the ele-

ments fm,c,µ. These elements are algebraically

independent over K.



The pro-Lie algebra Lie(N2) is commutative

and the theorem yields an explicit topological

basis {Dµ,c,n}. The ‘two slopes’ in the defini-

tion of ∆2,K correspond to ‘divergence with

one level’. For the latter, J.-P. Ramis and

J. Sauloy have results on q-summation which

seem to agree with these topological genera-

tors.

Finally, we conjecture that Lie(N2) is actu-

ally Lie(N)ab := Lie(N)/[Lie(N), Lie(N)] and

moreover, the topological generators {Dµ,c,n}
can be lifted to topological generators for Lie(N).


