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1. Introduction

e We extend the theory of Grobner bases to difference-differen-
tial (d-d) modules. The main purpose of this paper is to give
a new approach to the computation of a Grobner basis for an
ideal in (or a module over) the ring of difference-differential
operators.

e To this aim we introduce the concept of generalized term
order on N x Z" and on difference-differential modules.
Such orders might also be of interest beyond the specific
application to d-d modules.

e We show how Grobner bases for d-d modules can be used
for determining dimension polynomials for d-d modules.



Difference-differential modules

A ring is always an associative ring with 1. A module over a ring
A is a unitary left A-module.

Def.1.1: Let R be a commutative Noetherian ring. Let A =
{01, -+, 0m} be a set of derivations on R and ¥ = {01, -+, 0,}
a set of automorphisms of R, such that a(x) € R and a(8(x)) =
Bla(x)) for any o, 3 € AUY and x € R. Then R is called a
difference-differential ring with the basic set of derivations A
and the basic set of automorphisms >, or shortly a A->-ring; if

R is a field, then it is called a A-X>-field.

Ex.1.1: Let R = Klxy,...,x,| for a field K, §; = 0/0x; and
o; the automorphism which maps x; to x; — 1. Then R is a

A-Y-ring for A = {d1,...,0,} and X = {oy,...,0,}.



Def.1.2: Let R be a A->-ring and A be the free commutative
semigroup of words over A and 3 (containing the elements of 3.
and their inverses).

Then an expression of the form

>, (1.2)

AEA

where a) € R for all A € A and only finitely many coefficients
a), are different from zero, is called a difference-differential op-
erator (or shortly a A-Y-operator) over R.

Two A-Y-operators ), ., axA and )y, b\ are equal if and
only if ay = by for all A € A.



The set of all A-Y-operators over a A-X-ring R is a ring with
the following fundamental relations

DA AT D A bad = Y oycalan + by,

a(Doren MA) = D yealaan), (1.3)
(XonermMp = 3 yep aa(Ap), |
da = ad + 6(a), oa = o(a)o,

for all ay,by € R, \,u € A\, a € R, § € A, 0 € X. Note that
the elements in A and Y do not commute with the elements in
R, and therefore the terms A € A do not commute with the
coefficients a) € R.

Def.1.3: The ring of all A-Y-operators over a A-X-ring R is
called the ring of difference-differential operators (or shortly
the ring of A-X-operators) over R. It will be denoted by D.

A left D-module M is called a difference-differential module
(or a A-X-module). If M is finitely generated as a left D-module,
then M is called a finitely generated A-Y-module.



When ¥ = (), D will be the ring of differential operators
R[(Slv T 5m}

If the coefficient ring R is the polynomial ring in z1,...,x,,
over a field K and §; = 0/0x; for 1 < ¢ < m, then D will be
the Weyl algebra A,,(K). So A-Y-modules are generalizations
of modules over rings of differential operators.

But in the ring of A-Y-operators the terms are of the form
(1.1) and the exponent in oy,---, 0, is (I1,---,1,) € Z". The
notion of term order, as commonly used in Grobner basis theory,
is no longer valid. We need to generalize the concept of term
order.



2. Generalized term order

Def.2.1: Let Z" be the union of finitely many subsets Z7, i.e.
7" = Ué{le 2, where Z7, j = 1,--- k, satisfy the following
conditions:

(i) (0,---,0) € Z}, and Z} does not contain any pair of
invertible elements ¢ = (¢1,---,¢,) # 0 and —c =

<_Cla Ty _Cn>7
(ii) Z% is isomorphic to N™ as a semigroup,
(ili) the group generated by Z7 is Z".

Then {Z7 | j =1,---,k} is called an orthant decomposition of
Z" and Z is called the j-th orthant of the decomposition.



Ex.2.1: Let {Z},---,Z3.} be all distinct Cartesian products of
n sets each of which is either Z, or Z_. Then this is an orthant
decomposition of Z". The set of generators of Z as a semigroup
is

{(c1,0,--+,0),(0,¢9,0,--+,0),---,(0,---,0,¢n)},

where c; is either 1 or —1, 7 =1,---,n. We call this decompo-
sition the canonical orthant decomposition of Z".

Ex.2.2: The decomposition Z? = Z3 U Z2 U Z3, where
Zi = {(a,b)|a > 0,b>0,a,b € Z},

7 ={(a,b)|la <0,b>a,a,bec Z},
Z%: {(a7b>’b§ O,& Z b,CL,bE Z}a

is an orthant decomposition of Z?.



Def.2.2: Let {Z} | j = 1,---,k} be an orthant decom-
position of Z". Then a = (ki, -+, kn,l1,--,1l,) and b =

(71, Ty S1, 7+ =, Sp) of N X Z™ are called similar elements, if
the n-tuples (I1,---,l,) and (s, - -, s,) are in the same orthant
75 ot Z".

Def.2.3: Let {Z7 | j =1,---,k} be an orthant decomposition
of Z". A total order < on N x Z" is called a generalized term
order on N x Z" w.r.t. the decomposition, if the following
conditions hold:

(i) (0,---,0) is the smallest element in N™ x Z",

(ii) if @ < b, then a + ¢ < b+ ¢ for any ¢ similar to .



Ex.2.3 (a): Let {Z7 | j =1,---,2"} be the canonical orthant
decomposition of Z" defined in Example 2.1. For every a =

(k1y ey kmy by, -0 1) € N X Z et
la| =K1+ -+ kp+ L]+ + 0]

For two elements a = (kq, -+, kp, l1, -+, 1,) and

b= (r1, -, Tm,S1, ", Sp) of N X Z" define a < b if and only
if the (1 + m + n)-tuple (|a|, k1, -+, km,l1, -+, 1,) is smaller
than (|b], 71, "m, S1, * +, $n) W.I.t. the lexicographic order on
N7+ % 7" Then 7 <” is a generalized term order on N™ x Z".

Ex.2.3 (c): Let {Z§n), j=0,1,--- n} be the orthant decom-

position of Z" defined in Example 2.2. For every element
a= (ki kn,ly, -, 1,) € N" X Z" let

HCLH — _min{Oalla s 7ln} .

For two elements a = (ky, -« -, kp, l1,- -+, 1) and

b= (11, T m,S1, ", Sn) of N X Z" define a < b if and only
if the (1 + m + n)-tuple (|la||, k1, -, km, b1, -+, 1) is lexico-
graphically smaller than (oI, r1, -+ s T, S157+ -, Sn). Then
7 <" is a generalized term order on N™ x Z".
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In order to investigate A-Y-modules, we need to extend the
notion of generalized term order to N x Z" X E, where FE =
{e1,---,e,} is aset of generators of a module.

Def. 2.4: Let {Z} | j = 1,- -+, k} be an orthant decomposition
of Z". Let E = {ey,---,e,} be aset of ¢ distinct elements. A
total order < on N x Z" x E is called a generalized term
orderon N x Z" x E w.r.t. the decomposition, if the following
conditions hold:

(i) (0,---,0,¢€;) is the smallest element in N™ x Z" x {e;} for
any e; € I/,

(ii) if (a,e;) < (b,ej), then (a + c,e;) < (b+ c,e;) for any c
similar to b.
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Lemma 2.1: Let {Z7 | j =1,---, k} be an orthant decompo-
sition of Z™ and " <" be a generalized term order on N x Z"
with respect to the orthant decomposition.

(a) Every strictly descending sequence in N™ x Z" is finite. In
particular, every subset of N x Z" contains a smallest ele-
ment.

(b) Every strictly descending sequence in N™ x Z" x E is finite.
In particular, every subset of N x Z" X E contains a smallest
element.
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3. Grobner bases in finitely gener-
ated difference-differential modules

Let K be a A-X-field and D be the ring of A-Y-operators
over K, and let F be a finitely generated free D-module (i.e. a
finitely generated free difference-differential-module) with a set
of free generators £ = {ey,---,e,}. Then F' can be considered
as a K -vector space generated by the set of all elements of the
form Ae;, where A € Aandi =1, ..., q. This set will be denoted
by AE and its elements will be called “terms” of F'. If “<” is
a generalized term order on N x Z" x E then “<” obviously
induces an order on AE, which we also call a generalized term
order.

Every element f € F' has a unique representation as a linear
combination of terms

J = athej + -+ aghaej, (3.1)
for some nonzero elements a; € K (i = 1,---,d) and some
distinct elements Aje; , - -+, Agej, € AE.

13



Reduction in difference-differential modules
Def.3.1: Let

_ sk km ol l 57 T 51 s
A =0;"-0,aq - and Ag=0;"---0,"a Q)

be two elements in A. If they are similar and r, < k,,, |s,| < |I,|
forp=1,---,m,v=1,---,n, then \; is called a multiple of
Ao and this relation is denoted by Ag|Aq. If A\y|A\; and i = j then
u = Aie; is called a multiple of v = Age; and this relation is
denoted by v|u.

Def. 3.2: Let < be a generalized term order on AE, f € F be
of the form (3.1). Then

t(f) = max { \ejli =1,---,d}

is called the leading term of f. If Nje;, = 1t(f), then a; is called
the leading coefficient of f, denoted by lc(f).

14



Lemma 3.1: Let A € A,a € K, and < be a generalized term
order on A € D. Then

Aa=a\+ €,

where @’ = o(a) for some o € ¥*. If a # 0 then also a’ # 0.
Furthermore, £ € D with 1t(£) < A and all terms of € are similar
to A.

Lemma 3.2: Let F be a finitely generated free D-module and
0 # f € F. Then the following hold:

(i) If A € A, then It(Af) = A - u for a unique term u of f.
(ii) I 1t(f) € AjE then for any A € A

l6(Af) = A-1t(f) € AE.

Lemma 3.3: Let F' be a finitely generated free D-module and
0 # f € F. Then for each j, there exists some A € A and a
unique term u; of f such that

1t()\f> =\ u; € AJE
We will write {t;(f) for this term w;.

Proposition 3.1: Let 0# f € F,0# h € D. Then lt(hf) =
max{A\ur} where \; are terms of h and wy are terms of f.
Therefore It(hf) = A - u for a unique term A of h and a unique
term wu of f.

15



Now we are ready to introduce the concept of “reduction”,
which is central in the theory of Grobner bases.

Theorem 3.1: Let fi,---,f, € F'\ {0}. Then every g € F
can be represented as

g=hifi+- -+ hfp+r (3.2)
for some elements hy,---, h, € D and r € F such that
(1) hz =0or 1t(hzfz) j 1t(g) for 1 = 1, L P,

(ii) 7 = 0 or It(r) is not a multiple of any It(Af;) for A € A,
i=1-,p.

Def.3.4: Let fi,....f, € F\ {0}, g € F. Suppose that
equation (3.2) in Theorem 3.1 holds and the conditions (i), (ii)
are satisfied. If r # ¢ we say g can be reduced by {f1,---, f,}
to . In this case we have 1t(r) < 1t(g) by the proof of Theorem
3.1. In the case of r = g and h; = 0 forv = 1,---,p, we say
that g is reduced wr.t. {f1,---, f,}.

Note that we are using the notion of reduction as head-
reduction.
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Ex.3.1: Let K = Q(z1,22), D = K|[d1, 09, o, ™ 1], where 4y,
09 are the partial derivatives w.r.t. x1, xo, respectively, and « is
an automorphism of K. So D is the {01, d2} — {a}-ring over the
coefficient field Q(z1, x2). Choose the generalized term order on

N? x Z as in Example 2.3 (a), i.e.
u =602l < v =0Ra =
(lull, k1, ko, 1) <iew (0l} 71,72, ),
where ||u|| = k1 + k2 + |I]. Let
g=706a*+86a f=06a'l+a
Then
g=0a +dhat=a (a7t +a)+ (6ot —1)=a ' f+1.

Although 1t(r1) = d2a? is not any multiple of 1t(f) = d1a™!, we
can find A = dacx such that 1t(r1) = It(\f) = 1t(6155 + d20?).
Therefore

g = Q’_lf + 52@f + (—(5152 — 1) = (Oé_l + 5204)f + 79

Now 79 satisfies the condition (ii) in Theorem 3.1. So g is reduced
by f to ro.

17



Grobner bases

Def. 3.5: Let W be a submodule of the finitely generated free
D-module F' and < be a generalized term order on AE. Let
G=A{q, ,9,}) € W\{0}. Then G is called a Grobner basis
of W (w.r.t. the generalized term order <) if and only if for
every f € W\ {0}, It(f) is a multiple of It(A\g;) for some X € A,
gi € G. If every element of G is reduced with respect to the
other elements of GG, then G is called a reduced Grobner basis

of W .

Proposition 3.2: Let G be a finite subset of W \ {0}. The
following assertions hold:

(i) G is a Grobner basis of W if and only if every f € W can
be reduced by G to 0. So a Grobner basis of W generates

the D-module W'.

(ii) If G is a Grobner basis of W, f € F, then f € W if and
only if f can be reduced by G to 0.

(iii) If G is a Grobner basis of W, then f € W is reduced w.r.t.
G if and only if f = 0.

18



Def. 3.6: Let F' be a finitely generated free D-module and
f,g9 € F\{0}. For every A; let V (4, f, g) be a finite system of
generators of the K[A;]-module
kiag (KOS € B, A € A)
kg {t(ng)lt(ng) € AjE,n € A).

Then for every generator v € V (7, f, 9),

| v f v 9
SU 90 = 1 e (g ie(g)

is called an S-polynomaial of f and g with respect to 7 and v.

The K[A;]-module considered in Definition 3.6 is a “monomial
module”, i.e. it is generated by elements containing only one
term. Such a module always has a finite “monomial basis”, i.e.
every basis element contains only one term. In the following we
assume that V' (j, f, g) is such a finite monomial basis.

The computation of V'(j, f, g) involves the generalized term
order on AE. Pauer and Unterkircher (1999) have investigated
V (4, f,g) for commutative Laurent polynomial rings and have
given algorithms for some important cases. Their results are still
valid for difference-differential modules.

19



Ex. 3.3: Let F = D = K[01,0y,a1,0; ', an,05 '] and K = Q(z1, 29),
where 01, 09 are the partial derivatives w.r.t. x; and z9, respectively, and
a1, (o are two automorphism on K. Choose the generalized term order
on N? x Z? as in Example 2.3(c), i.e.

_ skigks Ui 1o _ ST1 872 . S1 .52
u=01"0yalay < v=10,"0ya

> (||ull, k1, k2, iy 1) <iew (|[V]]; 71,72, 51, 52),
where ||u|| = —min (0,1, l2).
Let
f=a;%— 6, g:(51+0/21.
Note that the orthants of A are Ay, A, Ay as described in Example 2.2
for n = 2. One can see that

{Ae A1) € Ao} = Aoai ,  {n €A |lt(ng) € Ao} = Ay,

{It(Af) € Ag | A € A} = Agbaa?,  {lt(ng) € Ay | n € A} = Agdy.
Then V (0, f,9) = {vo} = {01023} and by Definition 3.6,

S(0, f,g,v0) = 01arf + 6029 = 61 + Sy,
Similarly we have
{)\ €A | lt()\f) c Al} = A1a1 , {77 cA | lt(ng) € Al} = Al,

{h]()\f) = A1 ‘ A E A} = Alcvl_l, {lt(ng) € A1 ‘ n e A} = A151.
Then V(1, f, g) = {v1} = {S1a; '} and
S(1, f,g,v1) = drar f — 041_19 = —010201] — 041_10/21-
Finally,
{Ae A1\ f) € Ao} = Agad, {n € A|lt(ng) € Ao} = Asay !,
{lt()\f) S | A E A} = AQCSQOC%, {1t(ng) e\ ‘ n e A} = Agélo@l.
Then V (2, f,g9) = {vo} = {61201, '} and

S(2,f,9,v2) = 51&10451f + 52&104519 = 51@f1&§2 + 52041043-

20



Theorem 3.2 (Generalized Buchberger Theorem) Let
F' be a free D-module and < be a generalized term order on AFE,
G be a finite subset of F\{0} and W be the submodule in F
generated by GG. Then G is a Grobner basis of W if and only
if for all A, for all g;, gr € G and for all v € V(7, gi, i), the
S-polynomials S(7, ¢;, gk, v) can be reduced to 0 by G.

21



Theorem 3.3 (Buchberger Algorithm) Let F' be a free D-
module and < be a generalized term order on AE, G be a finite
subset of F\{0} and W be the submodule in F' generated by G.
For each A and f,g € F\{0} let V'(4, f, g) and S(j, f, g,v) be
as in Definition 3.6. Then by the following algorithm a Grobner
basis of W can be computed:

Input: G ={g1, -, 9.}, aset of generators of W
Output: G' = {g}, -, g,}, a Grobner basis of W
Begin

G() =G

While 4f, g € G;, ve V(j, f,g) st.

S(j, f,g,v) reduces to r # 0 by G;

Do GfH_l = Gz U {7”}

If Gi—i—l = Gz then Gz’—H =G’
End
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Ex. 3.5: Let F' and the generalized term order on A be as in
Example 3.3. Let

G = {91792793} - {0/21 + 1704% o 17 04%0/21 + 1}

Then G is a Grobner basis of the submodule W generated by G.
To prove this, we must show that all S-polynomials of G can be
reduced to 0 by G.

Following the method described in Example 3.3, we have
V(0,91,92) = {afas}, V(1,91,02) = {ar7 a3}, VI(2,01,00)=
{aja5'}. So

S(0,g1, 92, 0%a3) = alg — adgo = A +ai = g1 + 9o,

1

-1 _ 3\ __ — —1 -1 3 _
5(17917927&1 042) = ) Gy gl+a1 ayg2 =
-1 -1 3 _ -1 -1
oy e = (o oy )gs,
—1 —1 -1 -1
S<27917927a1a2 ) = 1y g1 — @y Gy g2 =

arlayt + a1l = (a ey t)gs.
Furthermore, V(0,g1,93) = {afai}, V(1,91,93) = {a; a3},
V(2791793) — {042_1}. S0

2 4y _ 9 9 B
S(Oaglag?)a 041042) = ayg1; — gs = oy — 1= g9,
I NS I | 1.3
8(17917937 ay 042) = Q1 Oy (g1 — Q1 yg3 =
ar'ay! —aaf =

(o s Mgz — aradgn,

(note that the r.h.s. of this equation satisfies the condition in
Theorem 3.1 (i), i.e. 1t(h;g;) =< 1t(.9))

. | -1 3 2 3 3
5(27917937042 )—042 g1 — Qg g3 = Gy — Qg = — Qs (2.
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Finally, V(0, g2, g3) = {33}, V(1, g2, g3) = {7 '},

V(2,92,93) = {omay '}
S(Oa 92, g3, CK%O/QL)
5(17 92, g3, al_l)

5(27 92, g3, alaz_l)

So

= Qygs — g3 =~y — 1 = —gi,

—1 -1, 4 _
y o — Qq g3 = Q105 + Q1 =
141,

—1_—1 -1, _

Qg g2 — 10y g3 =
—al_lcuz_l — oz?ag’ =

-1 -1 3
Ay g3 + A15G9.

The r.h.s. of this equation also satisfies the condition in Theorem
3.1 (i). So, by Theorem 3.2, G is a Grobner basis of W.
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4. Computing d-d dimension poly-
nomials

Let R be a A-Y-field,

D the ring of A-Y-operators over R,

M a finitely generated A-Y-module (i.e. a finitely generated
difference-differential-module),

I a finitely generated free A-Y-module.

For A € A of the form A = 61t - - - §kmglt ... gl Jet
A = ki+- otk + |+ L]
Also, for w = Ae; € AFE of a term of F', let
w] = [A]
Ifu=> " cpoaA € D, then

[ul = max{[A] [ ax # 0} .
We may consider D as a filtered ring with the filtration (D,,) ez
such that D, = {u € D | |u| < pu} for any p € Nand D, =0

for pp < 0. It is clear that \(J{D, | p € Z} = D, D,, C D, for
any p € Z and D, D, = D,,;, for any pu,v € Z.

25



Def. 4.1. Let R be a A->-field and M be a A-Y-module.
A sequence (M,,),e, of R-vector subspaces of the module M is
called a filtration of M if the following three conditions hold:

(i) M, € M4, for all 4 € Z and M, = 0 for all sufficiently
small p € Z.

(i) UM, | € Z} = M.
(iii) D,M, € M+, for any p € Z,v € N.

If every R-vector space M, is finitely generated and there exist
numbers py € z such that D, M,, = M, 1, for all p > pg, v € N,
then the filtration (M),),cz is called an excellent filtration of M.

Example 4.1: Let M be a finitely generated A-Y-module(i.e.
a left D-module) with generators hq, - - -, h,. If

M, = Dyhy + -+ D,h,

for any p € Z, then (M),),ez is an excellent filtration of M. o
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Def. 4.2: A polynomial f(t1,---,t,) in p variables ¢1,---,t,
with rational coeflicients is called numerical if f(t1,---,t,) € Z
for all sufficiently large (ry,---,7,) € ZP, i.e. there exists a
n-tuple (s1,---,s,) € ZP such that f(ry,---,r,) € Z for all
integers ry,---,7, € Z with r; > s, (1 <1 < p).
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Theorem 4.1. (Levin (2000) ) Let A be a subset of N x Z".
Choose the canonical orthant decomposition of Z" (see Example
2.1). Let < be the partial order on N x Z" such that

(kl,"',km,ll,“',ln>ﬁ(?"l,"‘,’rm,Sh"‘,Sn)

if and only if (ly,---,1,) and (s1,---,s,) belong to a same or-
thant and
(Tb oy Ty ‘81|7 R ‘Sn’) S {(kla Tty km; |l1‘7 et |ln|)+Nm—|—n}

Furthermore, let
Wi={weN"xZ"|Vae€A:a Auw}

and

WA[/”L] — {(kla"'akmally"°7ln)EWA‘
i+ +kn+ L+ 4+ ) < pt

Then there exists a numerical polynomial ¢ 4(t) with the follow-
ing properties.
(i) pa(p) = Card Wa|u| for all sufficiently large p € N.
(ii) deg o4 < m+n, and if A = () then deg ¢ = m +n.
(iii)p4(t) = 0 if and only if (0,---,0) € A. 0
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Definition 4.3: The numerical polynomial ¢(t) is called
difference-differential dimension polynomial in one variable ¢ as-
sociated with M if

(i) deg(o(t)) < m+n and

(ii)p(p) = dimpM,, for all sufficiently large o € N.
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Choose the canonical orthant decomposition on Z" as in Ex-
ample 2.1 and define the generalized term order "<” on AE of
the terms of F' as follows(see Example 2.3(a)):

If u= 5f1 fe 5%”0? cooole; and v = 8- Ot - olne,
then

w=<v <= (lul,en ki, ko bl Ll e L)
<lex
(’U‘,Gj,?“b...’rm, ‘51’7.°°7‘Sn’781,°",8n> )

Theorem 4.2: Let R be a A->-field, D the ring of A-X-
operators over i and M be a finitely generated A-Y-module
with generators hy, - -+, h,. Let F' be a free A->-module with a
basis e, -+ -,e,and w1 F' — M the natural A->-epimorphism
of F onto M (i.e. m(e;) =h;fori=1,--+ q).

Let M), be the vector space over I? as in Example 4.1. Suppose
G ={g1, ", g4} is a Grobner basis of N = ker 7 with respect
to the generalized term order ”<” defined above, U, is the set
of all terms w € AFE such that |w| < pand w # lt(Ag;), A € A,
i=1,---,d. Then w(U,) is a basis of the R-vector space M,,.
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By Theorem 4.2 the difference-differential dimension polyno-
mial ¢(t) (with ¢(p) the dimension of M), as an R-vector space)
can be computed by difference-differential Grobner bases.

Theorem 4.3: Let R be a A->-field, D the ring of A-X-
operators over R and M be a finitely generated A->-module,
and (M,,),ez an excellent filtration of M. If G = {g1,-- -, ga}
is a Grobner basis of N = ker m as in Theorem 4.2, then
the difference-differential dimension polynomial ¢(¢) such that
deg(p(t)) < m +n and ¢(p) = dimpM, for all sufficiently
large ¢ € N can be computed as

¢(p) = Card(Uy,)
= Card{w € AE | ord w < p; w # lt(Ag;),\ € A, g; € G}
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Example 4.2: Let R be a difference-differential field whose
basic sets A and X consist of a single derivation operator ¢ and
a single automorphism o, respectively. Furthermore, let D be
the ring of A-Y-operators over R and M = Dh be a cyclic
A-Y-module whose generator h satisfies the defining equation

(6" + 8% + 6“Th = 0
where a,b € n. In other words, M is isomorphic to the factor
module of a free A-¥-module F' with a free generator e by its A-

Y-submodule N = D(6%° + 6% " +§%)e. Let the generalized
term order < on AE be the same as in Theorem 4.3. Then
{g} = {(6°0" + 6" 4 6“T")e}
is a difference-differential Grobner basis of N (If W is generated
by one element g € F\{0}, then any finite subset G of W\{0}
containing ¢ is a difference-differential Grobner basis of W).
Since It(g) = (6***)e belongs to any orthant of AE, it follows
that [t(Ag) = M\(6*")e for any A € A. Then by Theorem 4.3,
dimpM; = Card(Uy)
= Card{u € A ord u < t;u # X", X € A}
Therefore,
dimpM; = Card{6‘c? |ceN, d € Z, c+|d| <t,
(c,1d]) & {(a +b,0) + N*}}
= Card{6c? |cend€zc+|d <t}
— Card{é‘c? | ce N,d € Z,c+|d| <t — (a+b)}
= [t+2)(t+1) —(t+1)]

—|t—a—-b+2)t—a—-b+1)—(t—a—b+1)]

= 2(a+bt+(a+b)(2—a—0b).
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Related work

The theory of GB has been generalized by many authors to
non-commutative domains, especially to modules over various
rings of differential operators.

e Galligo (1985) first gave the Grobner basis algorithm for the Weyl
algebra A, (K) of partial differential operators with coefficients in
a polynomial ring over the field K.

e Mora (1986) generalized the concept of Grobmer basis to non-
commutative free algebras.

e Kondrateva et al. (1998) described the Grébner basis method for
differential and difference modules.

e Noumi (1988) and Takayama (1998) formulated Grobner bases in
R,, the ring of differential operators with rational function coeffi-
clents.

e Oaku and Shimoyama (1994) treated the ring of differential opera-
tors with power series coefficients.

e Insa and Pauer (1998) presented a basic theory of Grébner bases for
differential operators with coefficients in a commutative Noetherian
ring.

e Pauer and Unterkircher (1999) considered Grobner bases in Laurent
polynomial rings, but their approach is limited to the commutative
case.

e Levin (2000) introduced characteristic sets for free modules over
rings of difference-differential operators. Such characteristic sets
depend on a specific order on N x Z". But this order is not a term
order in the sense of the theory of Grébner bases.

e dimension polynomials of d-d modules as generalizations of Hilbert
polynomials are introduced and studied in Mikhalev and Pankratev
(1989).
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