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1. Introduction

• We extend the theory of Gröbner bases to difference-differen-

tial (d-d) modules. The main purpose of this paper is to give

a new approach to the computation of a Gröbner basis for an

ideal in (or a module over) the ring of difference-differential

operators.

• To this aim we introduce the concept of generalized term

order on Nm × Zn and on difference-differential modules.

Such orders might also be of interest beyond the specific

application to d-d modules.

• We show how Gröbner bases for d-d modules can be used

for determining dimension polynomials for d-d modules.
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Difference-differential modules

A ring is always an associative ring with 1. A module over a ring

A is a unitary left A-module.

Def.1.1: Let R be a commutative Noetherian ring. Let ∆ =

{δ1, · · · , δm} be a set of derivations on R and Σ = {σ1, · · · , σn}
a set of automorphisms of R, such that α(x) ∈ R and α(β(x)) =

β(α(x)) for any α, β ∈ ∆ ∪ Σ and x ∈ R. Then R is called a

difference-differential ring with the basic set of derivations ∆

and the basic set of automorphisms Σ, or shortly a ∆-Σ-ring; if

R is a field, then it is called a ∆-Σ-field.

Ex.1.1: Let R = K[x1, . . . , xn] for a field K, δi = ∂/∂xi and

σi the automorphism which maps xi to xi − 1. Then R is a

∆-Σ-ring for ∆ = {δ1, . . . , δn} and Σ = {σ1, . . . , σn}.
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Def.1.2: Let R be a ∆-Σ-ring and Λ be the free commutative

semigroup of words over ∆ and Σ̃ (containing the elements of Σ

and their inverses).

Then an expression of the form∑
λ∈Λ

aλλ, (1.2)

where aλ ∈ R for all λ ∈ Λ and only finitely many coefficients

aλ are different from zero, is called a difference-differential op-

erator (or shortly a ∆-Σ-operator) over R.

Two ∆-Σ-operators
∑

λ∈Λ aλλ and
∑

λ∈Λ bλλ are equal if and

only if aλ = bλ for all λ ∈ Λ.
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The set of all ∆-Σ-operators over a ∆-Σ-ring R is a ring with

the following fundamental relations∑
λ∈Λ aλλ +

∑
λ∈Λ bλλ =

∑
λ∈Λ(aλ + bλ)λ,

a(
∑

λ∈Λ aλλ) =
∑

λ∈Λ(aaλ)λ,

(
∑

λ∈Λ aλλ)µ =
∑

λ∈Λ aλ(λµ),

δa = aδ + δ(a), σa = σ(a)σ,

(1.3)

for all aλ, bλ ∈ R, λ, µ ∈ Λ, a ∈ R, δ ∈ ∆, σ ∈ Σ̃. Note that

the elements in ∆ and Σ̃ do not commute with the elements in

R, and therefore the terms λ ∈ Λ do not commute with the

coefficients aλ ∈ R.

Def.1.3: The ring of all ∆-Σ-operators over a ∆-Σ-ring R is

called the ring of difference-differential operators (or shortly

the ring of ∆-Σ-operators) over R. It will be denoted by D.

A left D-module M is called a difference-differential module

(or a ∆-Σ-module). IfM is finitely generated as a leftD-module,

then M is called a finitely generated ∆-Σ-module.
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When Σ = ∅, D will be the ring of differential operators

R[δ1, · · · , δm].

If the coefficient ring R is the polynomial ring in x1, . . . , xm
over a field K and δi = ∂/∂xi for 1 ≤ i ≤ m, then D will be

the Weyl algebra Am(K). So ∆-Σ-modules are generalizations

of modules over rings of differential operators.

But in the ring of ∆-Σ-operators the terms are of the form

(1.1) and the exponent in σ1, · · · , σn is (l1, · · · , ln) ∈ Zn. The

notion of term order, as commonly used in Gröbner basis theory,

is no longer valid. We need to generalize the concept of term

order.
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2. Generalized term order

Def.2.1: Let Zn be the union of finitely many subsets Znj , i.e.

Z
n =

⋃k
j=1Z

n
j , where Znj , j = 1, · · · , k, satisfy the following

conditions:

(i) (0, · · · , 0) ∈ Z
n
j , and Z

n
j does not contain any pair of

invertible elements c = (c1, · · · , cn) 6= 0 and −c =

(−c1, · · · ,−cn),

(ii) Znj is isomorphic to Nn as a semigroup,

(iii) the group generated by Znj is Zn.

Then {Znj | j = 1, · · · , k} is called an orthant decomposition of

Z
n and Znj is called the j-th orthant of the decomposition.
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Ex.2.1: Let {Zn1 , · · · ,Zn2n} be all distinct Cartesian products of

n sets each of which is either Z+ or Z−. Then this is an orthant

decomposition of Zn. The set of generators of Znj as a semigroup

is

{(c1, 0, · · · , 0), (0, c2, 0, · · · , 0), · · · , (0, · · · , 0, cn)},
where cj is either 1 or −1, j = 1, · · · , n. We call this decompo-

sition the canonical orthant decomposition of Zn.

Ex.2.2: The decomposition Z2 = Z2
0 ∪ Z2

1 ∪ Z2
2, where

Z
2
0 = {(a, b)|a ≥ 0, b ≥ 0, a, b ∈ Z},

Z
2
1 = {(a, b)|a ≤ 0, b ≥ a, a, b ∈ Z},
Z

2
2 = {(a, b)|b ≤ 0, a ≥ b, a, b ∈ Z},

is an orthant decomposition of Z2.
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Def.2.2: Let {Znj | j = 1, · · · , k} be an orthant decom-

position of Zn. Then a = (k1, · · · , km, l1, · · · , ln) and b =

(r1, · · · , rm, s1, · · · , sn) of Nm×Zn are called similar elements, if

the n-tuples (l1, · · · , ln) and (s1, · · · , sn) are in the same orthant

Z
n
j of Zn.

Def.2.3: Let {Znj | j = 1, · · · , k} be an orthant decomposition

of Zn. A total order ≺ on Nm×Zn is called a generalized term

order on Nm × Zn w.r.t. the decomposition, if the following

conditions hold:

(i) (0, · · · , 0) is the smallest element in Nm × Zn,

(ii) if a ≺ b, then a + c ≺ b + c for any c similar to b.
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Ex.2.3 (a): Let {Znj | j = 1, · · · , 2n} be the canonical orthant

decomposition of Zn defined in Example 2.1. For every a =

(k1, · · · , km, l1, · · · , ln) ∈ Nm × Zn let

|a| = k1 + · · · + km + |l1| + · · · + |ln|.

For two elements a = (k1, · · · , km, l1, · · · , ln) and

b = (r1, · · · , rm, s1, · · · , sn) of Nm×Zn define a ≺ b if and only

if the (1 + m + n)-tuple (|a|, k1, · · · , km, l1, · · · , ln) is smaller

than (|b|, r1, · · · , rm, s1, · · · , sn) w.r.t. the lexicographic order on

N
m+1×Zn. Then ”≺” is a generalized term order on Nm×Zn.

Ex.2.3 (c): Let {Z(n)
j , j = 0, 1, · · · , n} be the orthant decom-

position of Zn defined in Example 2.2. For every element

a = (k1, · · · , km, l1, · · · , ln) ∈ Nm × Zn let

‖a‖ = −min{0, l1, · · · , ln} .

For two elements a = (k1, · · · , km, l1, · · · , ln) and

b = (r1, · · · , rm, s1, · · · , sn) of Nm×Zn define a ≺ b if and only

if the (1 + m + n)-tuple (‖a‖, k1, · · · , km, l1, · · · , ln) is lexico-

graphically smaller than (‖b‖, r1, · · · , rm, s1, · · · , sn). Then

”≺” is a generalized term order on Nm × Zn.
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In order to investigate ∆-Σ-modules, we need to extend the

notion of generalized term order to Nm × Zn × E, where E =

{e1, · · · , eq} is a set of generators of a module.

Def. 2.4: Let {Znj | j = 1, · · · , k} be an orthant decomposition

of Zn. Let E = {e1, · · · , eq} be a set of q distinct elements. A

total order ≺ on Nm × Zn × E is called a generalized term

order on Nm×Zn×E w.r.t. the decomposition, if the following

conditions hold:

(i) (0, · · · , 0, ei) is the smallest element in Nm × Zn × {ei} for

any ei ∈ E,

(ii) if (a, ei) ≺ (b, ej), then (a + c, ei) ≺ (b + c, ej) for any c

similar to b.
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Lemma 2.1: Let {Znj | j = 1, · · · , k} be an orthant decompo-

sition of Zn and ”≺” be a generalized term order on Nm × Zn
with respect to the orthant decomposition.

(a) Every strictly descending sequence in Nm × Zn is finite. In

particular, every subset of Nm × Zn contains a smallest ele-

ment.

(b) Every strictly descending sequence in Nm×Zn×E is finite.

In particular, every subset ofNm×Zn×E contains a smallest

element.
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3. Gröbner bases in finitely gener-
ated difference-differential modules

Let K be a ∆-Σ-field and D be the ring of ∆-Σ-operators

over K, and let F be a finitely generated free D-module (i.e. a

finitely generated free difference-differential-module) with a set

of free generators E = {e1, · · · , eq}. Then F can be considered

as a K-vector space generated by the set of all elements of the

form λei, where λ ∈ Λ and i = 1, . . . , q. This set will be denoted

by ΛE and its elements will be called “terms” of F . If “≺” is

a generalized term order on Nm × Zn × E then “≺” obviously

induces an order on ΛE, which we also call a generalized term

order.

Every element f ∈ F has a unique representation as a linear

combination of terms

f = a1λ1ej1 + · · · + adλdejd (3.1)

for some nonzero elements ai ∈ K (i = 1, · · · , d) and some

distinct elements λ1ej1, · · · , λdejd ∈ ΛE.
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Reduction in difference-differential modules

Def.3.1: Let

λ1 = δk1
1 · · · δkmm αl11 · · ·αlnn and λ2 = δr11 · · · δrmm αs1

1 · · ·αsnn

be two elements in Λ. If they are similar and rµ ≤ kµ, |sν| ≤ |lν|
for µ = 1, · · · ,m, ν = 1, · · · , n, then λ1 is called a multiple of

λ2 and this relation is denoted by λ2|λ1. If λ2|λ1 and i = j then

u = λ1ei is called a multiple of v = λ2ej and this relation is

denoted by v|u.

Def. 3.2: Let ≺ be a generalized term order on ΛE, f ∈ F be

of the form (3.1). Then

lt(f ) = max≺{λieji|i = 1, · · · , d}

is called the leading term of f . If λieji = lt(f ), then ai is called

the leading coefficient of f , denoted by lc(f ).
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Lemma 3.1: Let λ ∈ Λ, a ∈ K, and ≺ be a generalized term

order on Λ ⊆ D. Then

λa = a′λ + ξ,

where a′ = σ(a) for some σ ∈ Σ∗. If a 6= 0 then also a′ 6= 0.

Furthermore, ξ ∈ D with lt(ξ) ≺ λ and all terms of ξ are similar

to λ.

Lemma 3.2: Let F be a finitely generated free D-module and

0 6= f ∈ F . Then the following hold:

(i) If λ ∈ Λ, then lt(λf ) = λ · u for a unique term u of f .

(ii) If lt(f ) ∈ ΛjE then for any λ ∈ Λj

lt(λf ) = λ · lt(f ) ∈ ΛjE.

Lemma 3.3: Let F be a finitely generated free D-module and

0 6= f ∈ F . Then for each j, there exists some λ ∈ Λ and a

unique term uj of f such that

lt(λf ) = λ · uj ∈ ΛjE.

We will write ltj(f ) for this term uj.

Proposition 3.1: Let 0 6= f ∈ F , 0 6= h ∈ D. Then lt(hf) =

max≺{λiuk} where λi are terms of h and uk are terms of f .

Therefore lt(hf) = λ · u for a unique term λ of h and a unique

term u of f .
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Now we are ready to introduce the concept of “reduction”,

which is central in the theory of Gröbner bases.

Theorem 3.1: Let f1, · · · , fp ∈ F \ {0}. Then every g ∈ F
can be represented as

g = h1f1 + · · · + hpfp + r (3.2)

for some elements h1, · · · , hp ∈ D and r ∈ F such that

(i) hi = 0 or lt(hifi) � lt(g) for i = 1, · · · , p,

(ii) r = 0 or lt(r) is not a multiple of any lt(λfi) for λ ∈ Λ,

i = 1, · · · , p.

Def.3.4: Let f1, . . . , fp ∈ F \ {0}, g ∈ F . Suppose that

equation (3.2) in Theorem 3.1 holds and the conditions (i), (ii)

are satisfied. If r 6= g we say g can be reduced by {f1, · · · , fp}
to r. In this case we have lt(r) ≺ lt(g) by the proof of Theorem

3.1. In the case of r = g and hi = 0 for i = 1, · · · , p, we say

that g is reduced w.r.t. {f1, · · · , fp}.

Note that we are using the notion of reduction as head-

reduction.
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Ex.3.1: Let K = Q(x1, x2), D = K[δ1, δ2, α, α
−1], where δ1,

δ2 are the partial derivatives w.r.t. x1, x2, respectively, and α is

an automorphism of K. So D is the {δ1, δ2}−{α}-ring over the

coefficient field Q(x1, x2). Choose the generalized term order on

N
2 × Z as in Example 2.3 (a), i.e.

u = δk1
1 δ

k2
2 α

l ≺ v = δr11 δ
r2
2 α

s ⇐⇒
(‖u‖, k1, k2, l) <lex (‖v‖, r1, r2, s),

where ‖u‖ = k1 + k2 + |l|. Let

g = δ1α
−2 + δ2α

2, f = δ1α
−1 + α.

Then

g = δ1α
−2 + δ2α

2 = α−1(δ1α
−1 + α) + (δ2α

2− 1) = α−1f + r1.

Although lt(r1) = δ2α
2 is not any multiple of lt(f ) = δ1α

−1, we

can find λ = δ2α such that lt(r1) = lt(λf ) = lt(δ1δ2 + δ2α
2).

Therefore

g = α−1f + δ2αf + (−δ1δ2 − 1) = (α−1 + δ2α)f + r2

Now r2 satisfies the condition (ii) in Theorem 3.1. So g is reduced

by f to r2.
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Gröbner bases

Def. 3.5: Let W be a submodule of the finitely generated free

D-module F and ≺ be a generalized term order on ΛE. Let

G = {g1, · · · , gp} ⊆ W\{0}. Then G is called a Gröbner basis

of W (w.r.t. the generalized term order ≺) if and only if for

every f ∈ W \{0}, lt(f ) is a multiple of lt(λgj) for some λ ∈ Λ,

gj ∈ G. If every element of G is reduced with respect to the

other elements of G, then G is called a reduced Gröbner basis

of W .

Proposition 3.2: Let G be a finite subset of W \ {0}. The

following assertions hold:

(i) G is a Gröbner basis of W if and only if every f ∈ W can

be reduced by G to 0. So a Gröbner basis of W generates

the D-module W .

(ii) If G is a Gröbner basis of W , f ∈ F , then f ∈ W if and

only if f can be reduced by G to 0.

(iii) If G is a Gröbner basis of W , then f ∈ W is reduced w.r.t.

G if and only if f = 0.
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Def. 3.6: Let F be a finitely generated free D-module and

f, g ∈ F \ {0}. For every Λj let V (j, f, g) be a finite system of

generators of the K[Λj]-module

K[Λj ]〈lt(λf )|lt(λf ) ∈ ΛjE, λ ∈ Λ〉 ∩
K[Λj ]〈lt(ηg)|lt(ηg) ∈ ΛjE, η ∈ Λ〉.

Then for every generator v ∈ V (j, f, g),

S(j, f, g, v) =
v

ltj(f )

f

lcj(f )
− v

ltj(g)

g

lcj(g)

is called an S-polynomial of f and g with respect to j and v.

The K[Λj]-module considered in Definition 3.6 is a “monomial

module”, i.e. it is generated by elements containing only one

term. Such a module always has a finite “monomial basis”, i.e.

every basis element contains only one term. In the following we

assume that V (j, f, g) is such a finite monomial basis.

The computation of V (j, f, g) involves the generalized term

order on ΛE. Pauer and Unterkircher (1999) have investigated

V (j, f, g) for commutative Laurent polynomial rings and have

given algorithms for some important cases. Their results are still

valid for difference-differential modules.
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Ex. 3.3: Let F = D = K[δ1, δ2, α1, α
−1
1 , α2, α

−1
2 ] and K = Q(x1, x2),

where δ1, δ2 are the partial derivatives w.r.t. x1 and x2, respectively, and
α1, α2 are two automorphism on K. Choose the generalized term order
on N2 × Z2 as in Example 2.3(c), i.e.

u = δk1
1 δ

k2
2 α

l1
1 α

l2
2 ≺ v = δr1

1 δ
r2
2 α

s1
1 α

s2
2

⇐⇒ (‖u‖, k1, k2, l1, l2) <lex (‖v‖, r1, r2, s1, s2),

where ‖u‖ = −min(0, l1, l2).
Let

f = α−2
1 − δ2, g = δ1 + α4

2.

Note that the orthants of Λ are Λ0,Λ1,Λ2 as described in Example 2.2
for n = 2. One can see that

{λ ∈ Λ | lt(λf) ∈ Λ0} = Λ0α
2
1 , {η ∈ Λ | lt(ηg) ∈ Λ0} = Λ0,

{lt(λf) ∈ Λ0 | λ ∈ Λ} = Λ0δ2α
2
1, {lt(ηg) ∈ Λ0 | η ∈ Λ} = Λ0δ1.

Then V (0, f, g) = {v0} = {δ1δ2α
2
1} and by Definition 3.6,

S(0, f, g, v0) = δ1α
2
1f + δ2α

2
1g = δ1 + δ2α

2
1α

4
2.

Similarly we have

{λ ∈ Λ | lt(λf) ∈ Λ1} = Λ1α1 , {η ∈ Λ | lt(ηg) ∈ Λ1} = Λ1,

{lt(λf) ∈ Λ1 | λ ∈ Λ} = Λ1α
−1
1 , {lt(ηg) ∈ Λ1 | η ∈ Λ} = Λ1δ1.

Then V (1, f, g) = {v1} = {δ1α
−1
1 } and

S(1, f, g, v1) = δ1α1f − α−1
1 g = −δ1δ2α1 − α−1

1 α4
2.

Finally,

{λ ∈ Λ | lt(λf) ∈ Λ2} = Λ2α
2
1, {η ∈ Λ | lt(ηg) ∈ Λ2} = Λ2α

−1
2 ,

{lt(λf) ∈ Λ2 | λ ∈ Λ} = Λ2δ2α
2
1, {lt(ηg) ∈ Λ2 | η ∈ Λ} = Λ2δ1α

−1
2 .

Then V (2, f, g) = {v2} = {δ1δ2α1α
−1
2 } and

S(2, f, g, v2) = δ1α1α
−1
2 f + δ2α1α

−1
2 g = δ1α

−1
1 α−2

2 + δ2α1α
3
2.
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Theorem 3.2 (Generalized Buchberger Theorem) Let

F be a free D-module and ≺ be a generalized term order on ΛE,

G be a finite subset of F\{0} and W be the submodule in F

generated by G. Then G is a Gröbner basis of W if and only

if for all Λj, for all gi, gk ∈ G and for all v ∈ V (j, gi, gk), the

S-polynomials S(j, gi, gk, v) can be reduced to 0 by G.
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Theorem 3.3 (Buchberger Algorithm) Let F be a freeD-

module and ≺ be a generalized term order on ΛE, G be a finite

subset of F\{0} and W be the submodule in F generated by G.

For each Λj and f, g ∈ F\{0} let V (j, f, g) and S(j, f, g, v) be

as in Definition 3.6. Then by the following algorithm a Gröbner

basis of W can be computed:

Input: G = {g1, · · · , gµ}, a set of generators of W

Output: G′ = {g′1, · · · , g′ν}, a Gröbner basis of W

Begin

G0 := G

While ∃f, g ∈ Gi, v ∈ V (j, f, g) s.t.

S(j, f, g, v) reduces to r 6= 0 by Gi

Do Gi+1 := Gi ∪ {r}
If Gi+1 = Gi then Gi+1 = G′

End
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Ex. 3.5: Let F and the generalized term order on Λ be as in

Example 3.3. Let

G = {g1, g2, g3} = {α4
2 + 1, α2

1 − 1, α2
1α

4
2 + 1}.

Then G is a Gröbner basis of the submodule W generated by G.

To prove this, we must show that all S-polynomials of G can be

reduced to 0 by G.

Following the method described in Example 3.3, we have

V (0, g1, g2) = {α2
1α

4
2}, V (1, g1, g2) = {α−1

1 α3
2}, V (2, g1, g2)=

{α1α
−1
2 }. So

S(0, g1, g2, α
2
1α

4
2) = α2

1g1 − α4
2g2 = α2

1 + α4
2 = g1 + g2,

S(1, g1, g2, α
−1
1 α3

2) = α−1
1 α−1

2 g1 + α−1
1 α3

2g2 =

α−1
1 α−1

2 + α1α
3
2 = (α−1

1 α−1
2 )g3,

S(2, g1, g2, α1α
−1
2 ) = α1α

−1
2 g1 − α−1

1 α−1
2 g2 =

α−1
1 α−1

2 + α1α
3
2 = (α−1

1 α−1
2 )g3.

Furthermore, V (0, g1, g3) = {α2
1α

4
2}, V (1, g1, g3) = {α−1

1 α3
2},

V (2, g1, g3) = {α−1
2 }. So

S(0, g1, g3, α
2
1α

4
2) = α2

1g1 − g3 = α2
1 − 1 = g2,

S(1, g1, g3, α
−1
1 α3

2) = α−1
1 α−1

2 g1 − α−1
1 α3

2g3 =

α−1
1 α−1

2 − α1α
7
2 =

(α−1
1 α−1

2 )g3 − α1α
3
2g1,

(note that the r.h.s. of this equation satisfies the condition in

Theorem 3.1 (i), i.e. lt(higi) � lt(S))

S(2, g1, g3, α
−1
2 ) = α−1

2 g1 − α−1
2 g3 = α3

2 − α2
1α

3
2 = −α3

2g2.
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Finally, V (0, g2, g3) = {α2
1α

4
2}, V (1, g2, g3) = {α−1

1 },
V (2, g2, g3) = {α1α

−1
2 }. So

S(0, g2, g3, α
2
1α

4
2) = α4

2g2 − g3 = −α4
2 − 1 = −g1,

S(1, g2, g3, α
−1
1 ) = α−1

1 g2 − α−1
1 g3 = α1α

4
2 + α1 =

α1g1,

S(2, g2, g3, α1α
−1
2 ) = α−1

1 α−1
2 g2 − α1α

−1
2 g3 =

−α−1
1 α−1

2 − α3
1α

3
2 =

α−1
1 α−1

2 g3 + α1α
3
2g2.

The r.h.s. of this equation also satisfies the condition in Theorem

3.1 (i). So, by Theorem 3.2, G is a Gröbner basis of W .
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4. Computing d-d dimension poly-
nomials

Let R be a ∆-Σ-field,

D the ring of ∆-Σ-operators over R,

M a finitely generated ∆-Σ-module (i.e. a finitely generated

difference-differential-module),

F a finitely generated free ∆-Σ-module.

For λ ∈ Λ of the form λ = δk1
1 · · · δkmm σl11 · · ·σlnn let

|λ| = k1 + · · · + km + |l1| + · · · + |ln| .

Also, for w = λei ∈ ΛE of a term of F , let

|w| = |λ| .

If u =
∑

λ∈Λ aλλ ∈ D, then

|u| = max{|λ| | aλ 6= 0} .

We may consider D as a filtered ring with the filtration (Dµ)µ∈Z
such that Dµ = {u ∈ D | |u| ≤ µ} for any µ ∈ N and Dµ = 0

for µ < 0. It is clear that
⋃
{Dµ | µ ∈ Z} = D, Dµ ⊆ Dµ+1 for

any µ ∈ Z and DνDµ = Dµ+ν for any µ, ν ∈ Z.
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Def. 4.1. Let R be a ∆-Σ-field and M be a ∆-Σ-module.

A sequence (Mµ)µ∈Z of R-vector subspaces of the module M is

called a filtration of M if the following three conditions hold:

(i) Mµ ⊆ Mµ+1 for all µ ∈ Z and Mµ = 0 for all sufficiently

small µ ∈ Z.

(ii)
⋃
{Mµ | µ ∈ Z} = M .

(iii) DνMµ ⊆Mµ+ν for any µ ∈ Z, ν ∈ N.

If every R-vector space Mµ is finitely generated and there exist

numbers µ0 ∈ Z such that DνMµ = Mµ+ν for all µ ≥ µ0, ν ∈ N,

then the filtration (Mµ)µ∈Z is called an excellent filtration of M .

Example 4.1: Let M be a finitely generated ∆-Σ-module(i.e.

a left D-module) with generators h1, · · · , hq. If

Mµ = Dµh1 + · · · + Dµhq

for any µ ∈ Z, then (Mµ)µ∈Z is an excellent filtration of M .

26



Def. 4.2: A polynomial f (t1, · · · , tp) in p variables t1, · · · , tp
with rational coefficients is called numerical if f (t1, · · · , tp) ∈ Z
for all sufficiently large (r1, · · · , rp) ∈ Zp, i.e. there exists a

n-tuple (s1, · · · , sp) ∈ Zp such that f (r1, · · · , rp) ∈ Z for all

integers r1, · · · , rp ∈ Z with ri ≥ si (1 ≤ i ≤ p).
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Theorem 4.1. (Levin (2000) ) Let A be a subset of Nm×Zn.

Choose the canonical orthant decomposition of Zn (see Example

2.1). Let E be the partial order on Nm × Zn such that

(k1, · · · , km, l1, · · · , ln)E (r1, · · · , rm, s1, · · · , sn)

if and only if (l1, · · · , ln) and (s1, · · · , sn) belong to a same or-

thant and

(r1, · · · , rm, |s1|, · · · , |sn|) ∈ {(k1, · · · , km, |l1|, · · · , |ln|)+Nm+n}.

Furthermore, let

WA = {w ∈ Nm × Zn | ∀a ∈ A : a 6 Ew}

and

WA[µ] = {(k1, · · · , km, l1, · · · , ln) ∈ WA |
k1 + · · · + km + |l1| + · · · + |ln| ≤ µ}.

Then there exists a numerical polynomial φA(t) with the follow-

ing properties.

(i) φA(µ) = Card WA[µ] for all sufficiently large µ ∈ N.

(ii) deg φA ≤ m + n, and if A = ∅ then deg φA = m + n.

(iii)φA(t) = 0 if and only if (0, · · · , 0) ∈ A.
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Definition 4.3: The numerical polynomial φ(t) is called

difference-differential dimension polynomial in one variable t as-

sociated with M ,if

(i) deg(φ(t)) ≤ m + n and

(ii)φ(µ) = dimRMµ for all sufficiently large µ ∈ N.
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Choose the canonical orthant decomposition on Zn as in Ex-

ample 2.1 and define the generalized term order ”≺” on ΛE of

the terms of F as follows(see Example 2.3(a)):

If u = δk1
1 · · · δkmm σl11 · · ·σlnn ei and v = δr11 · · · δrmm σs1

1 · · ·σsnn ej,
then

u ≺ v ⇐⇒ (|u|, ei, k1, · · · , km, |l1|, · · · , |ln|, l1, · · · , ln)

<lex

(|v|, ej, r1, · · · , rm, |s1|, · · · , |sn|, s1, · · · , sn) .

Theorem 4.2: Let R be a ∆-Σ-field, D the ring of ∆-Σ-

operators over R and M be a finitely generated ∆-Σ-module

with generators h1, · · · , hq. Let F be a free ∆-Σ-module with a

basis e1, · · · , eq and π : F −→M the natural ∆-Σ-epimorphism

of F onto M (i.e. π(ei) = hi for i = 1, · · · , q).
LetMµ be the vector space overR as in Example 4.1. Suppose

G = {g1, · · · , gd} is a Gröbner basis of N = ker π with respect

to the generalized term order ”≺” defined above, Uµ is the set

of all terms w ∈ ΛE such that |w| ≤ µ and w 6= lt(λgi), λ ∈ Λ,

i = 1, · · · , d. Then π(Uµ) is a basis of the R-vector space Mµ.
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By Theorem 4.2 the difference-differential dimension polyno-

mial φ(t) (with φ(µ) the dimension of Mµ as an R-vector space)

can be computed by difference-differential Gröbner bases.

Theorem 4.3: Let R be a ∆-Σ-field, D the ring of ∆-Σ-

operators over R and M be a finitely generated ∆-Σ-module,

and (Mµ)µ∈Z an excellent filtration of M . If G = {g1, · · · , gd}
is a Gröbner basis of N = ker π as in Theorem 4.2, then

the difference-differential dimension polynomial φ(t) such that

deg(φ(t)) ≤ m + n and φ(µ) = dimRMµ for all sufficiently

large µ ∈ N can be computed as

φ(µ) = Card(Uµ)

= Card{w ∈ ΛE | ord w ≤ µ; w 6= lt(λgi), λ ∈ Λ, gi ∈ G}
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Example 4.2: Let R be a difference-differential field whose

basic sets ∆ and Σ consist of a single derivation operator δ and

a single automorphism σ, respectively. Furthermore, let D be

the ring of ∆-Σ-operators over R and M = Dh be a cyclic

∆-Σ-module whose generator h satisfies the defining equation

(δaσb + δaσ−b + δa+b)h = 0

where a, b ∈ N. In other words, M is isomorphic to the factor

module of a free ∆-Σ-module F with a free generator e by its ∆-

Σ-submodule N = D(δaσb+δaσ−b+δa+b)e. Let the generalized

term order ≺ on ΛE be the same as in Theorem 4.3. Then

{g} = {(δaσb + δaσ−b + δa+b)e}
is a difference-differential Gröbner basis of N(If W is generated

by one element g ∈ F\{0}, then any finite subset G of W\{0}
containing g is a difference-differential Gröbner basis of W ).

Since lt(g) = (δa+b)e belongs to any orthant of ΛE, it follows

that lt(λg) = λ(δa+b)e for any λ ∈ Λ. Then by Theorem 4.3,

dimRMt = Card(Ut)

= Card{u ∈ Λ | ord u ≤ t;u 6= λδa+b, λ ∈ Λ}.
Therefore,

dimRMt = Card{δcσd | c ∈ N, d ∈ Z, c + |d| ≤ t,

(c, |d|) /∈ {(a + b, 0) + N2}}
= Card{δcσd | c ∈ N, d ∈ Z, c + |d| ≤ t}
− Card{δcσd | c ∈ N, d ∈ Z, c + |d| ≤ t− (a + b)}

= [(t + 2)(t + 1)− (t + 1)]

−[ (t− a− b + 2)(t− a− b + 1)− (t− a− b + 1)]

= 2(a + b)t + (a + b)(2− a− b) .

32



Related work

The theory of GB has been generalized by many authors to

non-commutative domains, especially to modules over various

rings of differential operators.

• Galligo (1985) first gave the Gröbner basis algorithm for the Weyl
algebra An(K) of partial differential operators with coefficients in
a polynomial ring over the field K.

• Mora (1986) generalized the concept of Gröbner basis to non-
commutative free algebras.

• Kondrateva et al. (1998) described the Gröbner basis method for
differential and difference modules.

• Noumi (1988) and Takayama (1998) formulated Gröbner bases in
Rn, the ring of differential operators with rational function coeffi-
cients.

• Oaku and Shimoyama (1994) treated the ring of differential opera-
tors with power series coefficients.

• Insa and Pauer (1998) presented a basic theory of Gröbner bases for
differential operators with coefficients in a commutative Noetherian
ring.

• Pauer and Unterkircher (1999) considered Gröbner bases in Laurent
polynomial rings, but their approach is limited to the commutative
case.

• Levin (2000) introduced characteristic sets for free modules over
rings of difference-differential operators. Such characteristic sets
depend on a specific order on Nm×Zn. But this order is not a term
order in the sense of the theory of Gröbner bases.

• dimension polynomials of d-d modules as generalizations of Hilbert
polynomials are introduced and studied in Mikhalev and Pankratev
(1989).
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sentation of linear differential equations. In Algebraic Anal-

34



ysis, M. Kashiwara, T. Kawai (eds.), 549-569, Academic

Press, Boston (1988).

[9] T. Oaku, T. Shimoyama. A Gröbner basis method for mod-
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[11] F. Pauer, S. Zampieri. Gröbner bases with respect to gen-

eralized term orders and their applications to the modelling

problem. J. Symbolic Comp. 21, 155–168 (1996).
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