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e Let K be a difference field of zero characteristic
with a basic set ¢ = {ay,...,a,}, that is, a field K
considered together with mutually commuting injective
endomorphisms aq, ..., a, of K. We also say that K
is a o-field with translations aq, . .., ay,.

e If o; are automorphisms, the o-field K is called
inversive. In the last case weset o* = oU{a; !, ..., a; '}

and call K a o*-field.

[fn=1 ao0-(c") field is called ordinary; if n > 1,
it is called partial.

o If Ky is a subfield of K and a(Ky) C K| for all
a € o, we say that K is a difference (or o-) subfield of
K, and K is a difference (0-) field extension of Kj.

If K is inversive and a(Ky) C Ky for all a € o,
then K is called a o*-subfield of K. We also say that
we deal with o- (or 0*-) field extension K /K.



o If K is a o-field, then T" will denote the free com-
mutative semigroup generated by o. The order of an
clement 7 = oz]fl ..ot € T (k; € N) is defined as
ordT =" ki

e If K is inversive, then I' will denote the free com-
mutative group generated by o. The order of an el-
ement v = of'...afn e T (k; € Z) is defined as
ordy =>" |kil.

o Weset T'(r) = {7 € Tlordt < r} and I'(r) =
{v eT|ordy <r} for any r € N.

o [f B C K and K is a o-subfield of K, then the in-
tersection of all o-subfields of K containing Ky and B is
denoted by Ky(B). As a field, Ko(B) = Ko({7(b)|b €
B,reT}).

o If K = K(y(B), then the set B is called the set of o-
generators of K/Ky. If |B| < oo, B ={by,...,b},
we say that K is a finitely generated difference (o-) field
extension of Ky and write K = Ky(by, ..., bg).
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e Similarly, if K is an inversive difference (o*-) field,
Ky is a o*-subfield of K and B C K, then Ky(B)*
denotes the smallest o*-subfield of K containing K and
B. If K = Ky(B)*, the set B is called the set of o*-
generators of K/Ky. If |B] < oo, B ={by,...,b},
we say that K is a finitely generated o*-field extension
of K and write K = Ky(by,...,bp)".

e Let U be a set of elements in some o-field exten-
sion of K. We say that U is o-algebraically depen-
dent (o-algebraically independent) over K, if the set
TWU) = {7(u)|T € T,u € U} is algebraically depen-
dent (respectively, algebraically independent) over K.

If a set consisting of one element u is o-algebraically
dependent over K, then u is said to be o-algebraic over

K. Iftheset {r(u)|T € T} is algebraically independent
over I, we say that u is o-transcendental over K.

If L is a o-field extension of K such that every el-
ement of L is o-algebraic over K, we say that L is a
o-algebraic field extension of K or that the extension
L/K is o-algebraic. Otherwise, the extension L/K is
said to be o-transcendental.
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o Let K be a difference (inversive difference) field
with a basic set o and L a o- (respectively, o*-) field
extension of K. Then L contains a set B such that B is
o-algebraically independent over K and any subset of
L properly containing B is o-algebraically dependent
over K. Such a set B is called a difference (or o-)
transcendence basis of L over K.

Clearly, B C L is a o-transcendence basis of L over

K if and only if every element of L is o-algebraically
dependent over K(B).

e Furthermore, all o-transcendence bases of L over
K either contain the same finite number of elements or
are infinite. The o-transcendence degree of L over K
(denoted by o-trdegy L) is the number of elements of
any o-transcendence basis of L over K, if this number
is finite, or infinity in the contrary case.



Theorem 1 (1978). Let K be a difference field
with a basic seto = {aq,...,a,} and L = K(ny,...,ns)
a o-field extension of K generated by a finite fam-
ilyn =A4{m,...,ns}. Then there exists a polynomial
Oy (t) € Q[t] with the following properties.

() Syr(r) = trdeg K(|JT(r)m)
i=1
for all sufficiently large r € N.

(i) deg px(t) < n and ¢, x(t) can be represented

as .
t+1
oyt =Y a1
i=0

where ag, ...,a, € 2.

(ii) The integers ay,,d = deg ¢y x(t) and aq do not
depend on the system of o-generators n. Further-
more, a, = o-trdegx L.

e The polynomial ¢, x(t) is called the difference di-
mension polynomial of the extension L/K associ-
ated with the system of o-generators n.



o The integers d = deg ¢, (t) and ag are called the
difference (or o-) type and typical difference (or o-
) transcendence degree of L/K; they are denoted by
o-typer L and o-t.trdegy L, respectively.

Theorem 2.(1980). Let K be an inversive dif-
ference field with a basic set 0 = {aq,...,a,} and
let L = K{m,...,ns)* be a o*-field extension of K
generated by a finite family n = {m,...,ns}. Then
there exists a polynomial 1,k (t) € Q[t] such that

(i) Yyx(r) = trdegKK(U ['(r)n;) for all sufficiently
i=1

large r € N.

(ii) deg vy, x(t) < n and the polynomial 1y (t) can

be represented as

Yyr(t) = 2, (t er Z)
1=0

where ag, . ..,a, € 2.

(ii) The integers a,,d = deg ¢y x(t) and aq do not
depend on the system of o-generators n. Further-
more, a, = o-trdegx L.



e The polynomial 1,k (%) is called the o*-dimension
polynomial of L/K associated with the system of o*-
generators 7). The integers d = deg i, x and aq are
called the o*-type and typical o*-dimension of L/ K.
They are denoted by o*-type L and o*-t.trdegi L, re-
spectively. (If d = n, then o*-t.trdegx L = o-trdegiL.)

e We say that two finite sets of automorphisms o =
{aq,...;an} and o1 = {m,...,7,} of a field K are
equivalent and write o ~ oy if there is a matrix
(kij)hi<ij<n € GL(n,Z) such that o; = il ki

(1 < i < n). Clearly, in this case L/K is a o*-field
extension if and only if it is a oj-field extension and

o-trdegx L = oq-trdegy L.

e Considering the corresponding theory of extensions
of differential fields one can expect that if L/K is a
finitely generated o*-field extension with a basic set
o ={aiy,...,a,}, and o-trdegx L = 0, then there
is a set of automorphisms o1 = {01, ..., 8,} ~ o such
that L is a finitely generated o3-field extension of K if
L and K are treated as inversive difference fields with

the basic set o9 = {51, ..., Bn_1}
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The following example shows that this is not so.

Example 1. Consider the field of real numbers R
as a o*-field where 0 = {a = idgr}. Let A be the ring
of all functions f : R — R defined for all z € R except
for possibly finitely many points. Then A can be treated
as a o*-overring of R such that af(z) = f(z + 1) for
every f(z) € A. Let n denote the function 22° € A and
let L =R(n)* C A

Since a(n) = 02" = n?, L = R(n, /1,1, ...)

4
where /1 = 22" = (), un = 22" = a2(n),. ...
With the notation of Theorem 2,

Yy r(r) = trdegrR(n, /7, ..., 3/1) = 1

for every r € N, so ¢, |r(t) = 1.

Therefore, o*-trdegr, = 0 but the field extension
L /R is not finitely generated (with respect to the empty
basic set). Indeed, L # R(n, /7, ..., /1) = R(X/7)
for any s € N, since 2/ ¢ R(3/7).

(Clearly, the only sets of automorphisms that are
equivalent to a basic set ¢ = {a} of an ordinary in-
versive difference field are o and {a™1}.)



Thus, there is no direct difference analog of the cor-
responding result of differential algebra. However, one
can obtain the following result.

Theorem 3. Let K be an inversiwe difference
field with a basic set 0 = {aq,...,q,}, let L be a fi-
nitely generated o*-field extension of K, and let d =
o*-typex L. Then there exists a set oy = {P1, ..., 0.}
of mutually commuting automorphisms of L and a
finite set ¢ ={C1,...,¢,} of elements of L such that
o1~ o and if o9 = {061,..., 04}, then L is an alge-
braic extension of the field H = K{(, ..., Cq>;2.

(H is a finitely generated oj-field extension of K when
K is treated as a oo-field.)

e The last theorem gives one more confirmation to
the fact that the study of algebraic (in the usual sense)
finitely generated difference field extensions is a very
important part of the theory of difference fields. The
main characteristic used in this study is the limit degree
of a difference field extension.
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The concept of limit degree in the ordinary case was
introduced by R. Cohn (1956) as follows.

e Let K be an ordinary difference ring with a basic
set 0 = {a} and L = K(S) a o-field extension of K
generated by a finite set S.

Let S, = {a'(s)|s € 5,0 < i < k} and d}, =

K(Sy) : K(Sp_1) for k=1,2,... (Sy=25). Then
d, = a(K)(a(5)) » ol K)(a(Sk-1) )
> K(S U &(Sk>) ; K(S U Oz(Sk_1>) = dj41
for k=1,2,....

Let d(S) = min{dy | k = 1,2, ... } if some d is finite,
or d(S) = oo if all dj. are infinite.

Lemma 1. With the above notation, d(S) does

not depend on the system of difference generators S of
L/K.
e This lemma shows that d(S) is a characteristic of

the extension L/ K. 1t is called the limit degree of L/ K
and denoted by ld(L/K).
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o If L/K is not finitely generated, its limit degree
ld(L/K) is defined to be the maximum of the limit
degrees of all finitely generated difference subextensions
of L/ K, if this maximum exists, or oo if it does not.

The following two results, that give the main proper-
ties of the limit degree of ordinary difference field ex-
tensions, are due to R. Cohn.

Theorem 4. Let K be an ordinary difference (o-)
field, M a o-field extension of K and L/K a o-field
subextension of M /K. Then

ld(M/K) = [ld(M/L)|[ld(L/K)].

Theorem 5. Let K be an ordinary difference field
with a basic set o and let L be a o-field extension of
K. Then:

(i) If the difference field extension L/K 1is finitely
generated, then ld(L/K) = 1if and only if L = K(S)
for some finite set S C L.
(ii) The following statements are equivalent:

(a) L/ K 1is finitely generated, L is algebraic over
K, and ld(L/K) = 1.

(b) L : K 1is finite.
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e The concept of limit degree of ordinary field exten-
sions plays the key role in the results on compatibility
of difference field extensions. Two difference field exten-
sions L/ K and M /K of the same difference field K are
called incompatible if they cannot be embedded into a
common difference field extension of K.

Example 2 (R. Cohn).

Let us consider Q as an ordinary difference field with
the basic set 0 = {a = idq}.

The field Q(4) (i € C, i* = —1) has two automor-
phisms that extend «: the identity mapping (denoted
by the same letter ) and the complex conjugation
a+ bi — a — bi (denoted by ). Then Q(i) can be
treated as a difference field with the basic set {a}, as
well as a difference field with the basic set {3}. Denot-
ing these two difference fields by G' and H, respectively,
we can consider them as o-field extensions of Q.

Let us show that the o-field extensions G/Q and
H/Q are incompatible. Indeed, suppose that there ex-

ists a o-field extension E of QQ and o-isomorphisms ¢
and 1, respectively, of G/Q and H/Q into F/Q.
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Let 7 = ¢(i), k = (i), and let v denote the transla-
tion of E that extends o and 3. Then j° = k? = —1
whence ether j = k or j = —k. Since v(j) = j and
v(k) = —k, in both cases we obtain that j = —j, that
is, 7 = 0. This contradiction implies that G/Q and
H/Q are incompatible.

e Let L be a o-field extension of an ordinary difference
(0-) field K. The core L of L over K is defined to be

the set of elements a € L algebraic and separable over
K and such that ld(K{(a)/K) = 1.

[t follows from Theorem 4 that Ly is a o-field and
ld(Lx/K)=1. Example 2 and Theorem 5 show that
L need not to be K, and if L/K is finitely generated,
then L = Ly if and only if L : K < 0.
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The following theorem shows that core plays an impor-
tant role in the study of the problem of compatibility.

Theorem 6. Let K be an ordinary difference field
with a basic set o and let L and M be two o-field
extensions of K. Then the following statements are
equivalent.

(i) L/K and M /K are incompatible.

(ii) There exist finitely generated o-field extensions
L' and M'" of K such that L' C L, M’ C M, and
L'/K and M'/K are incompatible.

(iii) L /K and Mg /K are incompatible.
(iv) Lx/K and M/K are incompatible.

The next results give an alternative descriptions of
the core.
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e Let K be an ordinary inversive difference field of
zero characteristic with a basic set ¢ = {a} and let
L be a difference field extension of K such that L/K
is algebraic (in the usual sense). Furthermore, let Ly
denote the core of L over K.

Theorem 7 (R. Cohn). With the above con-
ventions, let a € L. Then a € Lk if and only if
a € K{a(a)).

Theorem 8. Let K and L be as above and let
L = K(S) where S is a finite subset of L. Then

Lg =) K(a"(9)).

Theorem 9. Let K and L = K(S) (Card S < o0)
be as in Theorem 8 and let Id(L/K) = K(5) : K.
Then

©.9)

K,

D)
=

&)

s

2
I

that iS, LK = K.
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e Theorem 8 helps one to construct a counterexample
to a statement saying that the core of a normal closure
of an ordinary algebraic difference field extension L/K
is the normal closure of Ly /K.

(Recall that the normal closure of an algebraic field
extension L/K is the field IV obtained by adjoining to
K all zeros of all polynomials Irr(a, K), a € L.)

This incorrect statement was used in the original proof
of the compatibility theorem (Theorem 6). The theo-
rem itself is correct and its correct proof was recently
obtained by R. Cohn (to be published in the Pacific J.
Math.)
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Example 3. Let K = Q(X) be the field of rational
fractions in one indeterminate X over Q. Then K can
be treated as an inversive ordinary difference field with
a basic set 0 = {a} where a(f(X)) = f(X + 1) for
any f(X) € K.

Let L be a field extension of K obtained by adjoining
to K elements /X + j (j € N).

Treating L as a o-field extension of K with a(v/X + j) =
vX +j+1(j € N) and applying Theorem 8 we ob-
tain that Lx = [0, K(a"(VX)) =

N, QX, VX +n,vX+n+1,...)=K,
so the normal closure of Lx over K coincides with K.
On the other hand, the normal closure of L over K is

the field

N=Qi,X VX, VX+1,...)
(2 = v/—1). This field is a g-overfield of K where the

extension of a from L to N is defined by the condition
a(i) = 4. Using Theorem 8 once again we obtain that

Ne =Ny Qi, X, VX +n,vVX+n+1,...)=
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Another important application of limit degree is the
proof of the following fundamental theorem on finitely
generated field extension.

Theorem 10. Let K be a difference field with
a basic set o, M a finitely generated o-field exten-
sion of K, and L an intermediate difference field of
M/K. Then the o-field extension L/K is finitely

generated.

This theorem was proved by R. Cohn (1955) for or-
dinary case and by P. Evanovich (1984) in the case of
partial difference fields. The Evanovich’s proof is based
on the properties of generalized limit degree defined in-
ductively. This concept, however, can be introduced
explicitly as follows.
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Let K be a difference field with a basicset 0 = {a, ..., a,}.
Let < be a well-ordering of the free semigroup 1" such
that
T =o' a5 7 = alll.

(kna R kl) Slex (lna RIS Zl)

Furthermore, for any r1,...,7, € N, let

.ol if and only if

T(ry,...,mp)={r€T|T<a]"...a"}

: n

Let L = K(S) be a o-field extension of K generated
by a finite set S.
Forany (ry,...,7r,) € N". ry > 1 letd(S;r,...,1m) =

K(T(ry, .. m)(S)) : K(T(r = 1,...,r)(S))
(d(S;ry,...,m) € NU{o0}.)
Lemma 2 With the above notation,

d(S;ri,...,m) > d(S;r1+p1,..., 7m0+ pn) for every
(p1, ..., pn) € N™
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Lemma 3. With the notation of Lemma 2, d(S) =
min{d(S;ry,...,r,)} does not depend on the finite
system of o-generators S of the extension L/K.

e d(9) is called the limit degree of L/ K and denoted
by ld(L/K).

If L/ K is not finitely generated, then the limit degree
ld(L/K) is defined as the maximum of limit degrees of
finitely generated difference subextensions N/ K
(K C N C L) if this maximum exists, or oo if it does
not.

e [t is easy to check that our definition of the limit
degree allows one to prove the multiplicative property
of limit degree and Theorem 10 using the arguments of
the R. Cohn’s proof in the ordinary case.
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Sketch of the proof of the Compatibility Theorem

We are going to base our proof on the following state-
ments whose proof can be either found in [1] or can be
obtained from the statements of [1, Chapter 7).

Proposition 1 (Babbitt, 1960). Let ordinary
o-field extensions L/K and M /K be separably alge-
braic and normal. Then L/K and M /K are compati-
ble if and only if Ly /K and My /K are compatible.

Proposition 2. Let K be an ordinary difference
(0-) field and let L and M be g-overfields of K. Then
L/K and M /K are incompatible if and only if there ex-
ist intermediate o-fields L and M" of L/K and M /K,
respectively, such that the o-field extensions L'/ K and
M'/K are finitely generated and incompatible.

[1] Cohn, R. M. Difference Algebra. Interscience,
New York, 1965.
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Proposition 3. The compatibility theorem is equiv-
alent to the following statement: If L/K is a o-field
extension such that Lx = K, then L/K is compatible
with every difference field extension of K.

Proposition 4. Let L/K be an algebraic o-field
extension, ¢ = {a}. Then « can be extended to the
normal closure N of L/K. Furthermore, for any such
an extension of «, the core Ng has the same underlying

field.

Proposition 5. If L is a difference overfield of and
ordinary difference field K, then the core of L over Ly
coincides with L.

Proposition 6. Let L be a field extension of a field
K, and let F} and I, be two intermediate fields of L/ K
such that either the extensions Fy/K and F,/K are
normal and separable or one of them is a finite Galois

extension. Then Fj and F5 are linearly disjoint over K
if and only if F1 N Fy, = K.
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Proposition 7. Let M be a field extension of a field
K and let Ly and Ls be two intermediate fields of M /K
which are linearly disjoint over K. Let ¢ be an isomor-
phism of K onto a field K" and let 41 and 15 be exten-
sions of ¢ to isomorphisms of L; and Lo, respectively,
into an overfield N of K’ such that (L) and (o)
are linearly disjoint over K. Then there exists a unique
extension v of ¢ to an isomorphism of M into N whose
contraction to L; is ¥; (i = 1,2).

PROOF OF THE COMPATIBILITY THEOREM.

Because of the properties of the core (see page 14) and
Proposition 2, it is sufficient to prove the theorem un-
der the assumption that the difference field extensions
L/K and M /K are finitely generated and separably al-
gebraic. Furthermore, as at the beginning of the proof
of Theorem VIII of [1, Chapter 7|, one can justify that
it is sufficient to prove our statement assuming that the
difference field K is inversive. Finally, Proposition 5
shows that it is sufficient to prove the following result:
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(%) Let K be an ordinary inversive difference field
with a basic set 0 = {a}, let L and M be finitely
generated separably algebraic difference field exten-
sions of K, and let Ly = K. Then the difference
field extensions L/ K and M /K are compatible.

To prove the last statement, we adopt the following
notation: if H is a difference field with a translation
v, then H will denote the underlying field of H, and
the difference field itself will be also denoted by (H, 7).
Furthermore, let us denote the basic translation of L by
o, (this is an extension of a) and consider a normal clo-
sure N of L over K as an underlying field of a difference
overfield N of L with a translation ay (the existence
of an extension of az to N is established in Proposition
4). We obtain the chain of difference field extensions
K=(K,a)CL=(L,az) C N =(N,ay).

By Theorem 5, the core F' = N is a finite extension
of K, so ' = K(a) for some a € F. Let p(y) be the
minimum polynomial of @ over . Then p(y) can be
also treated as an element of the ring K {y} of difference
polynomial in one difference indeterminate y over K.
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Furthermore, for every i € N, let p;(y) denote the
polynomial in K[y] obtained by applying o/ to every
coefficient of p(y).

Since K C M, p(y) € M{y}. By the existence theo-
rem for difference polynomials (see [1, Chapter 6, The-
orem I]), there is a solution n of the difference polyno-
mial p(y) in some difference field extension Q = (€, ag)
of M. Moreover, we can assume that ) / K is normal
(otherwise one can replace €2 by a difference field whose
underlying field is the normal closure of Q over K ).

Let S = {p(y),p1(y), p2(y),...} C K{y}. Since
['/K is normal and for every i € N a'y(a) is a root of

pi(y) contained in F. Fis a splitting field of the family
S over K. On the other hand, for every i € N, a/,(a)
is a root of p;(y) contained in €. Since the extension
(/K is normal, Q contains a splitting field G of the
family S over K. Furthermore, since for every zero b
of a polynomial p;(y), aq(b) is a zero of pi11(y), the
restriction ag of g on G is an isomorphism of the field
G into itself. Thus, G = (G, ag) is a difference subfield
of Q= (Q, aq).
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It follows that there is a K-isomorphism {4 of F onto
G (both fields are splitting fields of the same set of
polynomials over K ). Then 8 = plagu is an endo-
morphism of F whose restriction on K coincides with
a. Thus, Fg = (F ,3) is a difference overfield of K.
The following diagram illustrates the arrangement of

our fields.

N Q)
M{n)
L M

H é\

AN AN

K K

Diagram 1
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Since the F' is a finite normal separable extension of
Kand FNL = LK = K Proposition 6 shows that
the field extensions F/K and L / K, as well as the the
extensions B(F ) | K and oy, (L ) /K, are linearly disjoint
(K Ca(L)NBE)CLNF = K)

Applying Proposition 7 to Diagram 2 we obtain that
there exists an isomorphism @ from N into itself (it is
shown by a dotted line) such that the restrictions of &
on F and L coincide with (6 and «j, respectively.

A (@ ~
N = N
QL

: o

VAR

- K

Diagram 2

Let N' = (N,a&). Then N’ is a normal difference
field extension of K with the core Fz = (F, () (see

Proposition 4).



Since p is a difference K-isomorphism of Fjz onto
G C (, the difference field extensions Fjz/ K and Qg /K
are compatible. (As usual, Qx denotes the core of the
difference field €2 over K.) Taking into account that
both N’/ K and 2/ K are normal, one can apply Propo-
sition 1 and obtain that these difference field extensions
are compatible. Since L = (L, o) and M are inter-
mediate difference fields of the extensions N'/K and

()/ K, respectively, the extensions L/K and M /K are
compatible as well.
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