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Motivation: Grobner Bases

In a polynomial ring K|x1,...,xzy]:

* fix a term order, then

ideal I «— Reduced Grobner Basis (7)
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Motivation: Grobner Bases

In a polynomial ring K|x1,...,xy]:

* fix a term order, then

ideal I «— Reduced Grobner Basis (7)

* independently of term order:

I «— Universal Grébner Basis (1)

* vyields canonical representation of [

* allows to compute:

fel, ICJ InJ, I:f°, I, I=PnN..NP,..
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Motivation: Differential ldeals

In a differential polynomial ring K{y1,...,yn}, char K =0,
with derivations A = {61,...,0m }:

* differential ideals may be infinitely generated:

2 2
I=[y v, ¥, .. ]
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Motivation: Differential ldeals

In a differential polynomial ring K{y1,...,yn}, char K =0,
with derivations A = {61,...,0m }:

* differential ideals may be infinitely generated:
=2 47 v, .. ]

* for finitely generated differential ideals, their differential
Grobner basis may be infinite

AMS Special Session on DiTerential Alcebra. Aopril 15. 2007 — pace 3/18



Motivation: Radical Differential ldeal

* admit a finite system of generators [Ritt]:

1= IF] = {F}
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Motivation: Radical Differential ldeal

* admit a finite system of generators [Ritt]:

1= IF] = {F}

* admit a unique finite decomposition into minimal
differential prime components [Ritt]:

I=PiN...NF

* prime differential ideals can be represented by their
characteristic sets as saturated differential ideals:

P=|C]: H

(here H¢ is the product of the initials and separants of
the elements of C; H¢ depends on the ranking)
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Motivation: Radical Differential ldeal

* admit a finite system of generators [Ritt]:

1= IF] = {F}

* admit a unique finite decomposition into minimal
differential prime components [Ritt]:

I=PiN...NF

* prime differential ideals can be represented by their
characteristic sets as saturated differential ideals:

P=|C]: H

(here H¢ is the product of the initials and separants of
the elements of C; H¢ depends on the ranking)

* this allows to test membership: f e P <— f —¢ 0
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Motivation: Prime Differential ldeals

Example:

P={y" 4y 2/ +1} =y +y :
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Motivation: Ritt Problems

e given C, find I such that

P =[C]: H¥ = {F)
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Motivation: Ritt Problems

* given C, find F such that
P =(C]: HY = {F)

* given F', determine whether {F'} is prime

* given Cq, Co, determine whether

Py =|Cy]: Hg) € P, = |Co] - HE,
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Motivation: Ritt Problems

given C, find F' such that
P=|C]: Hg = {F}

given F', determine whether {F'} is prime

given Cq, Cy, determine whether

Py =|Cy]: Hg) € P, = |Co] - HE,

determine whether 0 is a zero of P = [C] : HZF

AMS Special Session on DiTerential Alcebra.
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Motivation: Ritt Problems (ctd.)

* given F, it is possible to compute Cy, ..., C; such
that P; = [C;] : HZ® are prime and

{F}=PNn...NF
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Motivation: Ritt Problems (ctd.)

* given F', it is possible to compute Cq, ..., Cy such
that P; = [C;] : HZ® are prime and

{F}=PNn...NF

* however, it may happen that the above decomposition is
redundant, i.e., for some ¢ # j

PiCPj
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Motivation: Ritt Problems (ctd.)

given F', it is possible to compute Cq,...,Cy such
that P; = [C;] : HZ® are prime and

{F}:Plﬂ...ﬂpk

however, it may happen that the above decomposition is
redundant, i.e., for some ¢ # j

PiCPj

removing redundant components is equivalent to testing
inclusions

[C@] ; H(o:o C [(CJ] ; H(Ojj

7
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Motivation: Ritt Problems (ctd.)

* given the minimal decomposition

k

[=([Ci: HE,
1=1

it Is not known how to compute F' such that

[={F}
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Motivation: Ritt Problems (ctd.)

* given the minimal decomposition

k

I=()[Ci]: HE,
i=1

it Is not known how to compute F' such that
I ={F}

* given F' and f, it is not known how to determine
whether f is a zero-divisor modulo {F'}.
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Uniqueness of Representation

* None of the following representations is unique for the
corresponding ideal:

© 1-(F)
e I=PN..NP
* P=[C]: HZ
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Uniqueness of Representation

* None of the following representations is unique for the
corresponding ideal:

« 1= {F)
e I=PN..NP
* P=[C|]: HE

* Goal: impose some restrictions to make them unique.

* Hope: uniqueness may clarity relationship between these
representations.
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Canonical characteristic set

Assume that a ranking is fixed.

[Boulier, Lemaire; Hubert; G., Kondratieva, Ovchinnikov]:

Then a prime differential ideal has a unique characteristic set
C such that for all C' € C

* initial of C' does not depend on leading derivatives of C
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Canonical characteristic set

Assume that a ranking is fixed.

[Boulier, Lemaire; Hubert; G., Kondratieva, Ovchinnikov]:

Then a prime differential ideal has a unique characteristic set
C such that for all C' € C

* initial of C' does not depend on leading derivatives of C
* (' has no factors of the same rank, except for C' itself

* the leading coefficient of (' is 1
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Computing unique prime decomp.

* Given F', we can compute some prime decomposition

I~
|
,—JH
T
H—J
|
=

G H

where the C; are canonical characteristic sets.
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Computing unique prime decomp.

* Given F', we can compute some prime decomposition

~
|
,—/H
T
H—J
|
=

Ci] : HE

where the C; are canonical characteristic sets.

* Lemma. Let C be the characteristic set of the highest
rank among Cq,...,Cy. Then P = [C]: HZ is the
minimal prime component of I of the highest rank,
among all minimal prime components of 1.
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Computing unique prime decomp.

* Given F', we can compute some prime decomposition

Ci] : HE

~
|
,—/H
T
H,—J
|
=

where the C; are canonical characteristic sets.

* Lemma. Let C be the characteristic set of the highest
rank among Cq,...,Cy. Then P = [C]: HZ is the
minimal prime component of I of the highest rank,
among all minimal prime components of 1.

* Proposition. Let C ={C1,...,C}} be as above. Then

I=Cl:HFNI:Cin...n1:C;N{FUHc}
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Computing unique prime decomp.

If in the decomposition

Ci] - HE

~
]
——
T
——
]
=

there are several characteristic sets of the highest rank, say,
Cyq,...,C,,, then

I = [Cl]:H(Oﬁﬂ[:OLlﬂ...ﬂ[:Ol,lﬂ{FUH@l} M

[(Cm]:Héomﬂ]:CmJﬂ...ﬂ]:Cm,lﬂ{FUH@m}
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Computing unique prime decomp.
Observe:

e C, and hence all ideals in
I=|Cl:HzZNnI:Cin...Nn1:Cyn{FUHc}

are uniquely determined by I (i.e., they do not depend
on the choice of the set of generators F)
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Computing unique prime decomp.
Observe:

e C, and hence all ideals in
I=|Cl:HzZNnI:Cin...Nn1:Cyn{FUHc}

are uniquely determined by I (i.e., they do not depend
on the choice of the set of generators F)
* Ideals I : C; and {F U Hc} strictly contain [

* The problem reduces to the computation of unique
prime decomposition for these ideals.
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Computing unique prime decomp.
Observe:

* C, and hence all ideals in
I=|Cl:HzZNnI:Cin...Nn1:Cyn{FUHc}
are uniquely determined by I (i.e., they do not depend
on the choice of the set of generators F)

* Ideals I : C; and {F U Hc} strictly contain [

* The problem reduces to the computation of unique
prime decomposition for these ideals.

* There exist no infinitely growing chains of radical
differential ideals [Ritt].
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Computing unique generators

* Given the unique prime decomposition of [ = {F'}:

k

I=()[C: HE (%)
i=1
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Computing unique generators

* Given the unique prime decomposition of [ = {F'}:

k

I=()[C: HE (%)
i=1

* Define d-prolongation of C

c=)={cY|cec, 0<j<d}
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Computing unique generators

* Given the unique prime decomposition of [ = {F'}:

k

I=()[C: HE (%)
i=1

* Define d-prolongation of C
c=)={cY|cec, 0<j<d}
* We have:
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Computing unique generators (ctd.)

* ford =0,1,2,... consider the algebraic ideal:

k
Jg = ﬂ(@ﬁd)) : HE
1=1
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Computing unique generators (ctd.)

* ford =0,1,2,... consider the algebraic ideal:

k
Jg = ﬂ(cc(ﬁ‘”) : HE
1=1

e compute lexicographic reduced Grobner basis B, of Jy
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Computing unique generators (ctd.)

* ford =0,1,2,... consider the algebraic ideal:

k
Jg = ﬂ(C(Sd)) : HE
1=1

e compute lexicographic reduced Grobner basis B, of Jy

e compute the unique prime decomposition of {B,;}
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Computing unique generators (ctd.)

* ford =0,1,2,... consider the algebraic ideal:

k
Jg = ﬂ(C(Sd)) : HE
i=1
e compute lexicographic reduced Grobner basis B, of Jy

e compute the unique prime decomposition of {B,;}

* if this decomposition coincides with (x), output By
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Example

o Let I = {y’* + 3} (actually, this ideal is prime)

AMS Special Session on DiTerential Alecebra. April 15. 2007 — pace 16/18



Example

o Let I = {y’* + 3} (actually, this ideal is prime)

* Compute some prime decomposition:

] OO

=y +4": /Nyl
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Example

° Let [ = {y’2 + 93} (actually, this ideal is prime)
* Compute some prime decomposition:

O

=y +4": /Nyl

* Among the two characteristic sets, choose the one with
maximal rank:

C={y" +4°)
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Example

Let T = {y'* + 43} (actually, this ideal is prime)

Compute some prime decomposition:

O

=y +4": /Nyl

Among the two characteristic sets, choose the one with
maximal rank:

C={y" +4°)

2 2 2
I=["+y’| gy NI +y)n{y” +v°.2/}
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Example

Let T = {y'* + 43} (actually, this ideal is prime)

Compute some prime decomposition:

Among the two
maximal rank:

O

=y +4": /Nyl

characteristic sets, choose the one with

C={y" +4°)

2 2 2
I=[y"+y' ]y NIy +y°)n{y” +y°,2¢}

We have: I : (y°

+4%) = (1) and {y* + 43,20} = [y
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Example

Let T = {y'* + 43} (actually, this ideal is prime)

Compute some prime decomposition:

O

=y +4": /Nyl

Among the two characteristic sets, choose the one with
maximal rank:

C={y"+¢%)
IT=[ "+ /NI +y°)n{y” +y° 2/}
We have: I : (y’2 + ) = (1) and {?/2 +y3,2¢y'} = [y]

Output: I =[y* + 43 : /> N[y
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Example

Recover generators from [ = [y’2 + 3] 1y N [yl

s d=0: W+ N = (v +y")
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Example

Recover generators from [ = [y’2 + 3] 1y N [yl
s d=0: W+ N = (v +y")
* Unique prime decomposition of {yy’2 + yt):

1 OO

'+ 4%y N [y]
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Example

Recover generators from I = [y + y3] : v/ N [y].
s d=0: W+ N = (v +y")
* Unique prime decomposition of {yy’2 + yt):

1 OO

'+ 4%y N [y]

* Qutput the unique generator of I yy’2 + 4.

AMS Special Session on DiTerential Alecebra. April 15. 2007 — pace 17/18



Property of unique prime decomp.

* Definition Let P = |C]: HZ". A point n € L", where
L is a differential extension of K, is a regular zero of
C, if C(n) =0 and Hc(n) # 0.
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Property of unique prime decomp.

* Definition Let P = |C]: HZ". A point n € L", where
L is a differential extension of K, is a regular zero of
C, if C(n) =0 and Hc(n) # 0.

* Proposition Let

C; : H&)

~
|
,—/H
T
H—J
|
=

be the unique prime decomposition of I. Then F'(n) =0
iff 1 is a regular zero of some C;.
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Property of unique prime decomp.

* Definition Let P = |C]: HZ". A point n € L", where
L is a differential extension of K, is a regular zero of
C, if C(n) =0 and H¢(n) # 0.

* Proposition Let

~
|
,—/H
T
H—J
|
=

C; : H&)

be the unique prime decomposition of I. Then F'(n) =0
iff 1 is a regular zero of some C;.

* Claim. All known algorithms compute decompositions
satisfying the above property.
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Property of unique prime decomp.

* Definition Let P = |C]: HZ". A point n € L", where
L is a differential extension of K, is a regular zero of
C, if C(n) =0 and H¢(n) # 0.

* Proposition Let

~
|
,—JH
T
H,—J
|
=

C; : H(Ef

be the unique prime decomposition of I. Then F'(n) =0
iff 1 is a regular zero of some C;.

* Claim. All known algorithms compute decompositions
satisfying the above property.

* Claim. Given any prime decomposition satisfying the
above property, one can compute generators of I.
(see: W. Sit, Computations on Quasi Algebraic Set)
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