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Let q ∈ R, 0 < q < 1 and [n]!q =
∏n

i=1
1−qi

1−q :

Bq : xC[[x ]] → C[[ξ]],
∑

n≥0 anx
n+1 7→

∑
n≥0

an

[n]!q
ξn.

The “q-Euler series” Eq(x) =
∑

n≥0(−1)n[n]!qx
n+1 is convergent!

Which is the relation between Eq(x) and the sum of the
Euler series Ê (x) =

∑
n≥0(−1)nn!xn+1?
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Theorem.

Suppose that:

• y(q, x) ∈ xC[[x ]] for q ∈ (η, 1], η ∈ (0, 1);

• φ(q, ξ) = Bqy(q, x) ∈ C{ξ} is solution of a fuchsian non
resonant operator at ∞, satisfying assumptions (?) (cf. next slide);

• there exists a direction d ∈ [0, 2π) such that φ(q, ξ) is
holomorphic in a domain containing the e idR+.

⇒ lim
q→1−

y(q, x) = Ld (φ(1, ξ)) =

∫ ∞e id

0
φ(1, ξ)e−

−ξ
x dξ .

uniformly on any compact of V := {| arg x − d | < π
2 }.

Rmk. φ(q, ξ), for q 6= 1, is the germ at 0 of a meromorphic
function on C (with q ∈ R!).
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φ(1, ξ) is solution of
Pµ

i=0 Ai (1, ξ)δi φ(1, ξ) = 0, δ = ξ d
dξ

, Ai (1, ξ) ∈ C[ξ], fuchsian non resonant at
∞.

φ(q, ξ), q ∈ (η, 1), is solution of
Pµ

i=0 Ai (q, ξ)δi
qφ(q, ξ) = 0, with δq(f ) =

f (qξ)−f (ξ)
q−1

,

Ai (q, ξ) ∈ C[ξ], fuchsian at ∞.

The Newton polygon at ∞ is independent of q ∈ (η, 1].

the coefficients Ai (q, ξ) tends uniformly to Ai (1, x) when q → 1, on any compact of P1
C where they are

defined.

For any q sufficiently closed to 1 there exists a constant gauge transformation C(q) ∈ Glµ(C) such that
the constant term at ∞ of the matrix

C(q)−1

0
BBBBBB@

0 1 0

.

.

.
. . .

0 0 1

− A0(q,x)
Aµ(q,x)

− A1(q,x)
Aµ(q,x)

. . . −
Aµ−1(q,x)

Aµ(q,x)

1
CCCCCCA

C(q)

is in the Jordan normal form. We suppose that for q ∈ (η, 1] the entries of the matrix C(q) are

continuous functions of q and that the form of the Jordan blocks is independent of q.
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Corollary.

Let y(x) =
∑

n≥0 ynx
n+1 ∈ xC[[x ]] be a Gevrey series of order one

such that φ(ξ) = B1y(x) is solution of a differential equation∑µ
i=0 Ai (x)δiy = 0, fuchsian and non resonant at ∞.

Then the series yq(x), solution of
∑µ

i=0 Ai (x)δiqy = 0, that
converges coefficientwise to y(x), converges uniformly to the Borel
sum of y(x) on the compacts of a convenient sector
V = {| arg x − d | < π/2}.
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Corollary.

Let Eq(x) be the analytic continuation of
∑

n≥1(−1)[n]!qx
n+1,

E(x) the sum of Ê =
∑

n≥1(−1)n!xn+1.

For any x ∈ C r (−∞, 0]

lim
q→1−

Eq(x) = E(x) .

The convergence is uniform over any compact of C r (−∞, 0].

More precisely, ∀ε ∈ (0, π) and R > 0 ∃Kε,R > 0 such that
∀x ∈ Vε;R := {x ∈ C∗ : | arg x | ≤ π − ε, |x | > R} and ∀q ∈ (0, 1):

|Eq(x)− E(x)| ≤ 2(1− q)
[
| log x |+ Kε,R

]
.
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a, b ∈ C, a− b 6∈ Z; (a)n = a(a + 1) · · · (a + n − 1);
(qa; q) = (1− qa)(1− qa+1) · · · (1− qa+n−1).

Corollary.

The analytic function

2Φ1

(
qa, qb;−; q, x

1−q

)
:=

∑
n≥0

(qa;q)n(qb;q)n
(qn;q)n

(
x

1−q

)n

converges uniformly to the Borel sum of the confluent
hypergeometric series

2F1(a, b;−; x) =
∑

n≥0
(a)n(b)n

n! xn

on the compacts of a convenient sector centered at 0, when
q → 1−.
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Let q ∈ R, q > 1:

There are two q-analogues of n!:

qn(n−1)/2 −→ lim
q→1

qn(n−1)/2 = 1.

[n]!q =
∏n

i=1
1−qi

1−q −→ lim
q→1

[n]!q = n!

but lim
n→∞

q−n(n−1)/2[n]!q = 1.

This gives rise to many (at least 4) different kind of summations: a
discrete and a continuous one for each kind of momenta.

What can we say on the relations among them?
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p = q−1

θ(x) =
∑

n∈Z q−n(n−1)/2xn

eq(x) =
∑

n≥0
x

[n]!q∫
[λ] f (x)

dpx
x = (1− p)

∑
n∈Z f (λpn)

∗ ∗ ∗

f̂ =
∑

n≥0 fnx
n+1, s.t.

φ(ξ) =
∑
n≥0

fn
qn(n−1)/2

ξn ∈ C{ξ}

ψ(ξ) =
∑
n≥0

fn
[n]!q

ξn ∈ C{ξ}.
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φ //

��

f d := q
ln q

∫ e id∞
0

φ(ξ)

θ(q ξ
x
)
dξ

f [λ] := q
1−p

∫
[λ]

φ(ξ)

θ(q ξ
x
)
dpξ fd := q−1

ln q

∫ e id∞
0

ψ(ξ)

eq(q
ξ
x
)
dξ

f [λ] := q
∫
[λ]

ψ(ξ)

eq(q
ξ
x
)
dpξ ψ

OO

oo

Theorem.

If f̂ is solution of a linear q-difference equation having only one
slope at 0 equal to 1, then f [λ] = f [λ] and f d = fd .
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