Symplectic Properties of the Space of
Fuchsian Equations in the Moduli Space
of Logarithmic Connections

Jonathan Aidan

Institut de Mathématiques de Jussieu, Paris, France

AMS Special Session on Differential Algebra
April 15, 2007

Symplectic
Properties of the
Space of Fuchsian
Equations in the
Moduli Space of
Logarithmic
Connections

Jonathan Aidan




Introduction: Two Classical Worlds

Linear Differential Operators
over PL

Linear Differential Systems
over PL

Symplectic
Properties of the
Space of Fuchsian
Equations in the
Moduli Space of
Logarithmic
Connections

Jonathan Aidan

Introduction




Introduction: Two Classical Worlds

Linear Differential Operators
over PL

Linear Differential Systems
over PL

of order n

of rank n

Symplectic
Properties of the
Space of Fuchsian
Equations in the
Moduli Space of
Logarithmic
Connections

Jonathan Aidan

Introduction




Introduction: Two Classical Worlds

Linear Differential Operators
over PL

Linear Differential Systems
over PL

of order n
with singular locus C S

of rank n
with singular locus C S

Symplectic
Properties of the
Space of Fuchsian
Equations in the
Moduli Space of
Logarithmic
Connections

Jonathan Aidan

Introduction




Introduction: Two Classical Worlds

Linear Differential Operators | Linear Differential Systems
over PL over PL
of order n of rank n
with singular locus C S with singular locus C S
Fuchsian Logarithmic

Symplectic
Properties of the
Space of Fuchsian
Equations in the
Moduli Space of
Logarithmic
Connections

Jonathan Aidan

Introduction




Introduction: Two Classical Worlds

Linear Differential Operators

Linear Differential Systems

with non-resonant exponents

over PL over PL
of order n of rank n
with singular locus C S with singular locus C S
Fuchsian Logarithmic

with non-resonant residues

Symplectic
Properties of the
Space of Fuchsian
Equations in the
Moduli Space of
Logarithmic
Connections

Jonathan Aidan

Introduction




Introduction: Two Classical Worlds

Linear Differential Operators

Linear Differential Systems

with non-resonant exponents

over PL over PL
of order n of rank n
with singular locus C S with singular locus € S
Fuchsian Logarithmic

with non-resonant residues

At an irreducible point,
dimension = g

At an irreducible point,
dimension = 2g

where g is some integer depending on n and |S].

Symplectic
Properties of the
Space of Fuchsian
Equations in the
Moduli Space of
Logarithmic
Connections

Jonathan Aidan

Introduction




Introduction: Two Classical Worlds

Linear Differential Operators

Linear Differential Systems

with non-resonant exponents

over PL over PL
of order n of rank n
with singular locus C S with singular locus C S
Fuchsian Logarithmic

with non-resonant residues

At an irreducible point,
dimension = g

At an irreducible point,
dimension = 2g

where g is some integer depending on n and |S].

Can one find some explanation of this doubling?

We give a “symplectic explanation” of it.
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The Starting Point L,

Basic Setting
Fixn>1. Fixm > 1, and fix

._ _ il
S :={s0,...,5m, Smy1 = 00} C P such that s; # sj

Then we set P = []/2(z — 5;) and Po = [[124(z - s)-
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Starting Point Ly

Then we set P = []/2(z — 5;) and Po = [[124(z - s)-

Definition of £

E={Le W=C(2)[d/dz], L is a monic Fuchsian
operator of order n with singular locus in S}.

These L’s are exactly those that can be written as:
L=(L)"+22(L)" "+ + & with & € C[Z]<im




The Starting Point L,

Basic Setting

Fixn>1. Fixm > 1, and fix

._ _ il
S :={s0,...,5m, Smy1 = 00} C P such that s; # sj

Then we set P = []/2(z — 5;) and Po = [[124(z - s)-

Definition of £

E={Le W=C(2)[d/dz], L is a monic Fuchsian
operator of order n with singular locus in S}.

These L’s are exactly those that can be written as:
L=(L)"+22(L)" "+ + & with & € C[Z]<im

Definition of L,

We fix Ly € €. Suppose L, is irreducible and each of its
local monodromies has distinct eigenvalues.
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Deformation Space of L, with Fixed Local Monodromies

Consider the Riemann scheme
< So - Sm 00 >
Po =
{eoiti=t..n - {€miti=t.n {€xciti=1..n
of Lg. For each j, {e;ji}i—1..n are the roots of the indicial
polynomial of L, at s;.
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Deformation Space of L, with Fixed Local Monodromies
Consider the Riemann scheme

Po = < So Sm S >
{eoiti=t..n -+ {emiti=t..n {€xciti=1..n
of Lg. For each j, {e;ji}i—1..n are the roots of the indicial
polynomial of L, at s;.

Definition of &

& = {L € &, the Riemann scheme of L is Py}

This is an affine variety of dimension

dim(&y) = g = m@ —(n-1)
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Deformation Space of L, with Fixed Local Monodromies Symplectic

Properties of the
Space of Fuchsian

Consider the Riemann scheme Equations i he
Py = < S S %0 > e
{eoiti=t.n -+ {emiti=1..n {E€citi=1..n [
of Lg. For each j, {e;ji}i—1..n are the roots of the indicial
polynomial of L, at s;.

Deformation
Space of Ly as
Operator

Definition of &

& = {L € &, the Riemann scheme of L is Py}

This is an affine variety of dimension
. n(n—1
dim(&) = g := m% —(n-=1)

By hypothesis, each {e;i},—+..., is a family of non-congruent
complex humbers modulo Z. Therefore, we lye “non-resonant”
case and any L € &, has the same local monodromies as Ly.
&y is the connected component of L, in the space of monic
Fuchsian operators of order n with singular locus in S and
same local monodromies as L.




EaLlp--->&
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From an Operator to a Connection Symplectic

Properties of the

Space of Fuchsian

_(d an— d —1 a : - )
Toany Le &, L=(g)"+ " (gz)" "+ + g with o Space o
a;j € C[z]<;.m, one can attach the connection: Logarimic
V . (OI[M )n — (OIP” )n X Q1 Jonathan Aidan
defined by:
V’]P”\{oo} =d - Adz
where
_a
Pn From Lo to Vg
1 :
A= € My(C(2))
an—_
1 —=5

Can one find some gauge transformation that transforms
V into a logarithmic connection, i.e. of the form

A . g
-2 7= 0z with constant matrices A; ?
)




Definition of A/

N = {(AO>A1>'-->Am,Aoo)€Mn( ) me Z]OOOA] 07

*x 0 0 O *  x %
* % * }
0 . :
0 0 =«
Theorem 1 (van der Put & Singer [3])
Forany L € &, there exists (Aq, ..., Am,Ax) E N s.t. Lis
the minimal monic operator in W which annihilates the

global section ey = (1,0.. O) (O]Pn)” of the
logarithmic connection d — Z J=0 A

Ay = s Aj(1<j<m) =

o o
* O O
O O O *

ZSI
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Definition of A/
N = {(Ao,A1 y oo ,Am,AOO) c Mn((c)erZ’ 2720 Aj =0,
*x 0 0 O

* k * k

/i 1 = 0 O /i 0 *x * % }
0= 0 - 0 Aj<j<m) = 00 - °:
0 0 1 =« 0 0 0 =«

Theorem 1 (van der Put & Singer [3])

Forany L € &, there exists (Aq, ..., Am,Ax) E N s.t. Lis
the minimal monic operator in W which annihilates the
global section ey = (1,0...,0) € (Op1)" of the

logarithmic connection d — ", A,-zdfzsi.

Definition of Vg

We fix Vo = (A3, ..., A%, A%) € N, one of the possible
tuples for Ly given by Theorem 1.
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Oj = GLn((C)A? and set Jonathan Aidan
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Space of Deformations of V as Log. Connection

Construction of O
Foranyj € {0,...,00}, denote by O; the conjugacy class of Aj(-’:
O; = GLs(C).A? and set

O=0g %X - x0Omnx O

Definition of the symplectic form w on O

O is (almost) canonically endowed with the symplectic form
w E Q% :

VA= (Ap,...,Ax) €0, Y(B', B? c(T\0)?

wa(B',B%) = Tr(ALY}, U7]),
=0

where the U} s satisfy

Vk=1,2 Vj=0...00, Bf=[Uf, A]
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Definition of M,

We apply symplectic reduction to some open
neighborhood Vy C O of V

Vo C {(Aos---,Ax), ﬂj’ZOCom(Aj) =C* In}

for diagonal adjoint action of GL,(C) and moment map

o : (Ao, .- -

at its regular value 0:

Vo N & 1({0}) 5 Mg := &~ 1({0})/GLA(C).
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Definition of M

We apply symplectic reduction to some open
neighborhood Vy C O of V

Vo C {(Aos---,Ax), ﬂj’ZOCom(Aj) =C* In}

for diagonal adjoint action of GL,(C) and moment map

o : (Ao, .- -

at its regular value 0:

Vo N & 1({0}) 5 Mg := &~ 1({0})/GLA(C).

Then, My is the local moduli space of deformations of V,
as logarithmic connection with the same local
monodromies as V, (and thereby, as Ly).

The form w induces on M, a structure of symplectic complex
manifold, and dim(M,) = 2g.
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Summary Diagram

-0
=TT QT
N ?\Vo - Vo &-1({0})
/ \\ iﬁ
’ i
| |(7hm.1) Mo
|
\
Y
Eoslp—-—————- > &
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Foranyje {0,...,m}, let (Aj,..., Ay) € C" be the
diagonal of the matrix Aj(.’. I e

Definition of N

Mo O 0 0 Mj o * x
1 Xpo 0 0 0 Ay &
A S ' 7A' = .
“lo ~ o7 |o o |
0 0 1 A 0 0 0 Xy
V. Local Embedding
of £y in My




Summary Diagram

.0
Lo QT
N?Voi:i———>No Vo n &-1({0})
/\\ iﬂ'
’ i
| :§¢(Thm.1) Mo
{
\
¥
Eoslp—-—————- > &
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Embedding of (&, Lg) in (Ng, Vo)

Following van der Put & Singer, we introduce the map

0 No— W (V) = (2)"La(V),

where L,(V) is defined as follows. For any
polynomials in C[z] defined by

Al ZA12 - ZAin

m
Z Py A

\)>

(@)

N

>
T
5
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Let M; = Pd/dz — A;; — (i — 1)zPy, Lo(V) = 1 and define
Lk(V) € C[z][P - d/dz],k > 1, by

Li(V) = MiLg_1(V) — PAk_1,iLxk—2(V)—

—PPyAk-1Lk-3(V) — - = PPy 2 Ak 1Lo(V)

Then (Thm. 1), ¢(V) is the minimal monic annihilator in
W of ey for the logarithmic connection d — >y Aj5%

i z—5; ’
and

Proposition 1
@ (Connected component of Vg in Ng) C &

° Ty,p: Ty, No — Ty,&o is an isomorphism. We can
therefore consider

=" (&, Lo) — (No, Vo)
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Summary Diagram
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Embedding of (\p, Vy) into (M, Vp)

Proposition 2

o dim(Ny) = Ldim(Mo) (which is equal to g).
@ ForanyV € Ny, GLy(C).V NNy ={V}.
@ No(c &~ 1({0}) N Vy) embeds in My via .
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Summary Diagram

-0
=T QT
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Summary Diagram
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Symplectic

Via these local embeddings, we may view the tangent faropertieslofithe

Space pf Fu_chsian
space of & at Ly as a subspace of the tangent space of Equations i the
My at Vg, and we have: Logarithmic

Connections

Jonathan Aidan

(&0, Lo) is a Lagrangian submanifold of (Mg, Vo) (via
mop).

N.B.: related results by Dubrovin-Mazzocco [2]
(Darboux-coordinates on M), and by S. Szabo [4] (Katz’s
question on Hodge structures).

The dimension of & is half the dimension of Mg so it is
sufficient to prove that Ny is an isotropic submanifold of O
relatively to w. The proof of the latter statement consists
in checking that the local contribution of each singularity
to the expression wa(B', B?) = Y-, Tr(A/[U], U?]) ——
vanishes. The only difficulty lies at oo, which is dealt with N
as follows.




Proposition

LetV = (*,...,%,Ax) € N, let (x,...,* By) € TyNy
and let U € M,(C) satisfy B, = [U, Ax]. Then, there
exists a strictly upper-triangular matrix U,, € T+ such
that By, = [Uso, Ax]-

This follows from the fact that for k € N, AX is
lower-triangular of order k, with (—1)* on the k-th
diagonal, together with

Lemma

Same hypotheses as in Proposition 3. Lete = (ey, ..., e,) be
the standard basis of E := C", and let a, b, u € End(E),
represented in e by A, B, U. Let {E;,i =1, ..., n} be the flag
associated to e, and set E_1 = Ey = {0}. Finally, consider the
map x : {1,...,n} — {0, ..., n} which attaches to i the unique
integer x (i) € {0, ...,n} s.t. u(e;) € Eyy \ Exi)—1- Then,

o Vie{1,...,n—1},a(E,-\E,-_1)CE,-+1\E,-.

@ Ifx<n—1,then¥i=1,..n—1,x()<n-2
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