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Abstract

Restricted rotation distance between pairs of rooted binary trees quantifies differ-
ences in tree shape. Cleary exhibited a linear upper bound of 12n for the restricted
rotation distance between two trees with n interior nodes, and a lower bound of
(n —1)/3 if the two trees satisfy a reduction condition. We obtain a significantly
improved sharp upper bound of 4n — 8 for restricted rotation distance between two
rooted binary trees with n interior nodes, and a significantly improved sharp lower
bound of n — 2, again with the requirement that the trees satisfy a reduction con-
dition. These improvements use work of Fordham to compute the word metric in

Thompson’s group F.
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1 Introduction

In this paper, we consider several methods
of quantifying the difference in “shape” be-
tween two rooted binary trees of the same
size. In each method, this is done by counting
the number of elementary changes, or rota-
tions necessary to transform one tree to the
other. Depending on where in the tree these
rotations are allowed to occur, one obtains
either the rotation distance, or restricted ro-
tation distance between the two trees.

1 supported by PSC-CUNY grant #63438-
0032

2 partial support from an NSF-AWM Mentor-
ing Travel grant.

Preprint submitted to Elsevier Science

When rotations are allowed at any node of
the tree, we obtain rotation distance, ana-
lyzed by Sleator, Tarjan and Thurston in [1].
Given two trees with n interior nodes each,
they obtain a bound of 2n — 6 on the num-
ber of rotations needed to transform one tree
to the other. Moreover, they show that this
bound is the best possible. Polynomial time
algorithms of Pallo [2] and Rogers [3] esti-
mate rotation distance, but no efficient algo-
rithm is known to compute it exactly.

When rotations are allowed only at the root
node and the right child of the root, we ob-
tain restricted rotation distance drp. This
restriction allows connections with Thomp-
son’s group F', discussed below, which is gen-
erated by such rotations and allows efficient
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estimation of restricted rotation distance, as
described in [4].

The trees considered below are all ordered,
rooted binary trees with n interior nodes,
where each interior node has 2 children.
These trees are sometimes called extended
binary trees [5] or 0-2 trees, and we will refer
to them as binary trees. Additionally, we use
node to mean an interior node, and leaf for
a non-interior node. We number the nodes
of our tree using the infix ordering.

Cleary explores the relationship between
bounding restricted rotation distance and
Thompson’s group F' in [4]. This group is
an abstract group which has been studied
extensively in the fields of combinatorial
group theory, measure theory and logic; an
overview of F' is given by Cannon, Floyd
and Parry in [6]. Using metric estimates in
this group, Cleary obtains an upper bound
of 12n on the restricted rotation distance
between two binary trees with n nodes. If
the trees satisfy a reduction condition, he
obtained a lower bound of (n — 1)/3 on the
restricted rotation distance.

In this paper, we apply a process of Fordham
[7] which computes word length in F' to im-
prove Cleary’s bounds on restricted rotation
distance. In particular, we obtain a sharp up-
per bound of 4n — 8 on the the restricted
rotation distance between two trees with n
interior nodes. We note that restricting the
number of permitted rotations from n to two
only increases the 2n — 6 upper bound on
ordinary rotation distance by a factor which
asymptotically approaches 2.

2 Background

We now make precise the notion of rotation
at a node in a tree, pictured as the two trees
in Fig. 1. Right rotation at the node N trans-
forms the left tree in Fig. 1 into the right tree
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Fig. 1. Right rotation at node N. The letters
A, B and C represent arbitrary subtrees of T
and T5. Left rotation at node N is defined anal-
ogously.

in the figure. Left rotation is defined to be
the inverse operation, transforming the right
tree to the left one. We always use 77 and
T5 to denote trees with the same number of
leaves.

When computing ordinary rotation distance,
we allow the node N to be any node of the
tree; for restricted rotation distance, we re-
strict IV to either the root node or the right
child of the root.

Restricted rotation distance has the poten-
tial to be much greater than ordinary rota-
tion distance, since many rotations at these
two distinguished nodes may be needed to
accomplish the equivalent of a single rota-
tion at a node which is far from the root
node. Thompson’s group F' is useful in un-
derstanding and computing restricted rota-
tion distance.

3 Thompson’s Group F and Tree Pair
Diagrams

Thompson’s group F' can be defined using
combinatorial, analytic or geometric meth-
ods, described by Cannon, Floyd and Parry
in [6].

The group F' has a presentation with an in-



Fig. 2. The generators xg and z; of F, as tree
pair diagrams.

finite number of generators and relations:
-1 .
<x0,$1, coET iy = 2, Vi< n> )

Group elements have standard normal
forms, described by Brown and Geoghegan
in [8] and the relations provide an efficient
method for rewriting words into normal
form.

Thompson’s group F' also has a finite pre-
sentation given only in terms of the genera-
tors z¢ and x1. Powers of zy conjugate x; to
Zp; thus we can generate the entire group us-
ing those two elements. All of the infinitely
many relations are consequences of two rela-
tions of length 10 and 14 (see [8]).

The group F' is defined geometrically using
tree pair diagrams, each of which is a pair of
rooted binary trees with the same number
of leaves. Examples and a description of the
equivalence of these two interpretations is
given in [9]. The generators zy and x; are
represented by the tree pair diagrams given
in Fig. 2. We can view xy as performing a
right rotation at the root caret, and x; as
performing a right rotation at the right child
of the root.

We say that a tree pair diagram (77, 7T3) is
unreduced if both 177 and T, contain a node
with two leaves numbered ¢ and ¢ + 1. Any
tree pair diagram which is not unreduced
is called reduced. Every element of F' cor-
responds to a unique reduced tree pair dia-

gram. An example of transforming an unre-
duced tree pair diagram into a reduced one
is given in Fig. 3 of [4]. We view F as a group
of tree pair diagrams with the operation of
composition. It is sometimes necessary to ex-
pand the trees, creating unreduced represen-
tatives of elements of F', in order to perform
this composition (see [6]).

4 The Metricon I' and Restricted Ro-
tation Distance

Let G be a group and X = {x1,29, - x,}
a finite set of generators for G. There is a
canonical way of associating a geometric
picture to the pair (G, X), called a Cayley
graph. Namely, the Cayley graph I'(G, X)
has as vertices all elements of GG, with a di-
rected edge from ¢ to g - x;, for ¢ € G and
x; € X. This graph is a metric space using
the word metric, which defines the distance
between elements g and A as the minimal
length of a path between them in I'(G, X).
For ¢ € G, the length of g is the distance
from ¢ to the identity in this word metric.
An introduction to Cayley graphs and other
objects in geometric group theory is given
in Epstein et al [10].

Given f = (T1,T») € F, a representation
of f as a product of the generators zi' and
2! with m terms can be thought of as a se-
quence of m rotations at the root and right
child of the root which transforms the tree
T7 into the tree T5. Thus, the restricted ro-
tation distance between T and 75 will be no
more than m. There may be alternate ways
to express f as a product of zi' and 2! with
fewer total terms, so unless we know that the
expression of f as a product of m generators
is minimal, we obtain only an upper bound
for the restricted rotation distance.

In [4], Cleary estimated restricted rotation
distance by estimating the word metric in F'.
Fordham [7] developed a method for com-



Fig. 3. The reduced tree pair diagram for the
word w = x%x1x2x4x5x7x8m§1x;1x§1m51x0_2
with nodes numbered according to the infix
method. The correspondence between the word
and the trees is obtained using the notion of leaf

exponents, see [7] or [9].

puting the exact length of an element of F|
which we use here to compute the exact re-
stricted rotation distance between two bi-
nary trees. Given T} and T3, the length of
the element f = (73,7%) in F is exactly the
restricted rotation distance between 77 and
T5, and a minimal length representative of f
gives a sequence of rotations which achieves
that distance.

5 Fordham’s
length in F

calculation of word

Fordham [7] presents an algorithm for find-
ing the exact length of an element of F' given
by a tree pair diagram. His method orders
the interior nodes of the trees, classifies them
into seven types, and assigns weights listed
in a table.

First, we note that the interior nodes of a
tree T can be given the natural infix order
where the nodes in the left subtree of a node
precede it and the nodes in the right subtree
follow it. Thus, we number nodes from 1, the
leftmost node, to n, the rightmost one, as
used in the labelling of the nodes in the trees
in Fig. 3.

Once ordered, nodes are classified first into

several basic categories. Left nodes are the
root node and the nodes connected to the
root by paths consisting entirely of left edges.
Right nodes are the nodes connected to the
root by paths consisting entirely of one or
more right edges. The left nodes in Fig. 3 are
1, 2 and 5 on the left tree and 1, 4 and 7 on
the right tree. The right nodes are 6, 7, 9 and
11 and 10 and 11, respectively.

Nodes are further classified as being exactly

one of the following node types:

e [,: the node numbered 1, necessarily a left
node.

e [ ;: left nodes not numbered 1

e R;: right nodes whose immediate succes-
sor node, in the infix ordering, is not a
right node.

e Ry right nodes whose successors in the
infix ordering are all right nodes.

e Ry: right nodes not of type R; or Ry.

e [y: nodes which are neither left nor right
and have no right child.

e [i: nodes which are neither left nor right
and have a right child.

The node type of the node numbered ¢ in a
tree T is denoted 7;(T"). We define a node
pairing for each node pair in the tree pair
diagram (77,7,) as the pairing of types
(1:(T1), 75(T3)). For example, as node 1 of
a nonempty 77 will always be a node of
type Lo, as will the node 1 in 75, we have
(11(T1), 71(T2)) = (Lo, Lo)-

As an example, for the tree pair diagram
in Fig. 3, we see that the nodes in the
left tree T} are, in infix order, of types
Lo, LL7 [R, [0, LL7 RNI; R[, [0, R[, [0 and Ro.
The nodes in the right hand tree 75 of Fig. 3,
in infix order, are of types L, Ig, Iy, Ly, IR,
[0, LL, IR, ]0, RO and R().

Fordham [7] defines the weight of a node pair-
ing as follows: for the node pairing (Ly, Lo),
the weight is zero; all other node pairing
weights are prescribed according to the fol-
lowing table of weights.



weight | Ry Ryr R Lip I, Ig
Ry o 2 2 1 1 3
Ryi |2 2 2 1 1 3
Ry 2 2 2 1 3 3
L 1 1 1 2 2 2
I 1 1 3 2 2 4
In 3 3 3 2 4 4

Fordham proves the following theorem to
calculate word lengths in F', with respect to
the word metric arising from the finite gen-
erating set {zo,x1} of F. In the arguments
below, we are always interested in word
length with respect to this finite generating
set.

Theorem 1 (Theorem 2.5.1 [7]) Given
an element f € F with reduced tree pair di-
agram (11,T5), the length of f with respect
to the generating set {xg"', xi'} is given by
the sum of the weights of the node pairings
of (Ty, T3).

Considering the word w in Fig. 3, we
see that the nodes numbered one in each
tree have type pairing (Lo, Lg), which has
weight 0. The nodes numbered 2 have
types (Lp,Ir) which contributes 2 to
the length of the word. The total weight
of the word is easily computed to be
0+24+4+42424+1+144+3+14+0=20. Thus,
the length of w in the word metric is 20.
That means that there is an expression for
w of length 20 in terms of z3, 27 and there
are no expressions for w of length less than
20. That sequence of 20 generators, when
thought of as rotations applied to the left-
hand tree of Fig. 3 will transform it to the
right-hand tree in that figure. There may be
other sequences of length 20 or more which
accomplish the same transformation (for
this particular example, there are exactly
two sequences of length 20), but there are
none of shorter length.

We use this process for finding word lengths
to get an upper bound of 4n — 8 for the
rotation distance between two trees with n
nodes, which is sharper than the 4n — 4 ob-
tained in Thm. 3.1 in Cleary and Taback [9].

Theorem 2 Given two rooted binary trees
Ty and Ty each with n nodes, for n > 3, the
restricted rotation distance between them sat-
isfies drg(T1,T3) < 4n — 8.

Proof: Consider the element f of F' given
by the tree pair diagram (7}, T5). Such a tree
pair diagram may be unreduced. If this is the
case, we form the reduced tree pair diagram
which will involve fewer nodes and leaves.
We know that (77, T») has a total of at most
n node pairs, one of which is the first node
pair of type (Lg, L) and thus of weight 0.
The remaining n — 1 node pairs have weights
at most 4, so the total weight of the tree pair
diagram is at most 4n — 4, as obtained in
[9]. Thus, f can be represented by a string
of generators 23" and 27" of length no more
than 4n — 4. Since these generators corre-
spond to left and right rotations at the root
and right child of the root, it is possible to
transform 7T} to Ty with the sequence of rota-
tions corresponding to this string of genera-
tors. Thus, we have a simple upper bound for
rotation distance. To improve this bound to
4n — 8, we consider the following. Each pair
of nodes in the tree pair diagram contributes
at most 4 to the word length, since that is
the largest value in the table of node pair
weights. We focus on computing the deficit
of word length from 4n.

First, we notice every tree pair has a pair
of nodes of types (Lo, Ly) which has weight
0. As mentioned above, this pair of nodes
contributes a deficit of 4 to the total weight
deficit. The final node in a tree is either the
root node and thus of type L, or a node on
the right side of the tree, necessarily of type
Ry. We consider the three possible cases for
the final node pair.



Case A: The final node in both 77 and 75
is of type Lp. Since these nodes must be
paired, there is a pairing of type (Lp, Lp)
which has weight 2 and thus the deficit for
that pair of nodes is 2, giving a total deficit
of at least 6. We now consider the penulti-
mate node pairing. If the last node is of type
Ly, it would necessarily be the root and the
next-to-last node could only be of type L, or
Iy. Note that both penultimate nodes cannot
be of type Iy as that would yield an unre-
duced representative of f. Each of these pos-
sible penultimate node pairings has weight
at most 2, giving a total deficit of at least 8.

Case B: The final nodes in 77 and 75 have
types L and Ry, although not necessarily re-
spectively. Since these nodes must be paired,
we have a pairing of type (L, Ry) or (Ry, L)
which has weight 1 and thus the deficit for
that node pair is 3, giving a total deficit of at
least 7. If the final caret of a tree is of type
Ly, the penultimate caret may be of type Ly,
or Iy. If the final caret of a tree is of type
Ry, the penultimate caret may be of type
Iy, Ry, or L. All possible caret pairings for
the penultimate caret have weight 2 or less,
yielding a deficit of at least 9.

Case C: Both trees have final nodes of type
Ry. Since these nodes must be paired, we
have a pairing of type (Ry, Ry) which has
weight zero and thus the deficit for that pair
of nodes is 4, giving a total deficit of at least
8. Note that, similar to case B, there must
be an additional deficit from the penultimate
node pairing, so the total deficit will in fact
be 10 or greater.

Thus the deficit is at least 8, giving an up-
per bound on word length, and hence on re-
stricted rotation distance, of 4n — 8. O
Theorem 3 For anyn > 3, there are rooted
binary trees Ty and Ty each with n nodes
such that the restricted rotation distance
drr(T1,Ty) between them is 4n — 8.

Proof: We can realize this bound in several

A

Fig. 4. The tree pair diagram for words of the
form — wor1woT3 ... TH_ox, tar, ..y g,
with the nodes numbered according to the infix

method.

possible ways. Perhaps the simplest word
which realizes this bound for n > 4 is

TOTI1ToT3 - . . T 0Ty isnly. . 27 2y?  pic-
tured in Fig. 4. This tree pair diagram has
n nodes in each tree and represents a word

of length 4n — 8.

The pairs of nodes in these trees are
of the following types: (Lo, Lo), (Ir,IRr),
ey ([R, IR), ([R> Io), (Io, LL); (LL> LL) The
pairings give deficits 4,0,0,...0,0,2,2, re-
spectively, with total deficit 8, proving that
the bound is sharp. O

We can also use the metric on F' to obtain a
lower bound on the number of rotations at
the root and right child of the root needed to
transform 77 to T, improving the estimate
in [4] by using the result from [9].
Theorem 4 (Theorem 3.1 [9]) If T7 and
Ty are rooted binary trees with n nodes each,
which form a reduced tree pair diagram
(T, T5), then the restricted rotation distance
drr(Th,T3) is at least n — 2.

Proof: We consider pairings which give
weight 0. There will be exactly one pairing
of type (Lo, Lo) and at most one pairing of
type (Ro, Ry), since if there are two such
pairings, the tree pair diagram would be
unreduced. All of the at least n — 2 remain-
ing nodes will contribute at least 1 from



the non-zero entries according to the table
above. Thus, the weight of the word repre-
sented by (71,75) is at least n — 2 and so
drr(T,T2) > n — 2 as desired. O

We note that the bound in Theorem 4 is
again sharp simply by considering the tree
pairs for xf(n_z) which have n interior nodes
and length n — 2.
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