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ABSTRACT. We provide formulas for various bases of spherical Whittaker functions on
the n-fold metaplectic cover of GL, over a p-adic field and show that there is a basis of
symmetric functions in the complex parameter. In addition we relate a specific spherical
Whittaker function to the p-power part of the Weyl group multiple Dirichlet series for
the root system of type A,_; constructed from nth order Gauss sums. We also show
that the zonal spherical functions can be computed explicitly in terms of Hall-Littlewood
polynomials as in Macdonald’s formula for GL,..
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1. INTRODUCTION

In this work we give formulas for the spherical Whittaker functions on the n-fold meta-
plectic cover of GL, over a p-adic field. Our formulas generalize the formula of Shintani
and Casselman-Shalika which deals with the nonmetaplectic case (n = 1). Further we give
an explicit relationship between p-adic metaplectic Whittaker functions and the local parts
of Weyl group multiple Dirichlet series associated to root systems of type A,_; constructed
by Chinta and Gunnells [CG]. Weyl group multiple Dirchlet series, first introduced in
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[BBC*06], are Dirichlet series in several complex variables whose coefficients are built out
of Gauss sums and the nth order power residue symbol.

Recently, Brubaker, Bump and Friedberg [BBFa, BBFb| have given an alternative con-
struction of Weyl group multiple Dirichlet series of type A,_1, thereby confirming a conjec-
ture made in [BBFHO07]|. Moreover, in [BBFal, they have shown that their series coincide
with the global Whittaker function of an Eisenstein series on the n-fold cover of GL, over a
number field containing the 2n-th roots of unity. The constructions of [BBFa] and [BBFb]
involve an intricate combinatorial description in terms of crystal graphs, while the con-
struction of [CG]J, generalizing an approach introduce in [CGO7], involves averaging with
respect to a certain Weyl group action. For this reason, the two approaches have not yet
been shown to produce the same multiple Dirichlet series except in certain very special
cases, see e.g. [CFGO8]. The results of the present work combined with the work of P.
McNamara [McN] will lead to the resolution of this problem, as we now describe.

Using methods completely different to ours, McNamara also gives a formula for the p-
adic metaplectic Whittaker functions on the n-fold cover of GL, (in fact of SL, but the two
are comparable). As mentioned above, we use our formula to show that (a suitably chosen)
spherical Whittaker function coincides with the p-part of the Weyl group multiple Dirichlet
series constructed in Chinta-Gunnells [CG]. This is the content of Theorem 4 in Section 9.
On the other hand, McNamara’s formula for the spherical Whittaker function shows that
it coincides with the local part of the series constructed by Brubaker-Bump-Friedberg in
[BBFa]. Consequently, the approaches of Chinta-Gunnells and Brubaker-Bump-Friedberg
do in fact produce the same series.

We now sketch the methods used in the proof of our generalization of the formula of Shin-
tani and Casselman-Shalika. Let n be a positive integer and let F' be a non-archimedean
local field that contains a primitive nth root of unity. For every ¢ € Z/nZ Kazhdan and

Patterson associated in [KP84] the c-twisted n-fold metaplectic cover GL,(F)© of GL,(F).
It is a central extension of GL,.(F') by the group pu,(F) of nth roots of unity in F. It is
not, in general, the group of F' points of an algebraic group defined over F' but it is an
(-group in the sense of [BZ76]. We assume throughout the paper that n is relatively prime
to the residual characteristic of F. In a global setting over a number field this assumption
is satisfied at almost all places.

Zonal spherical functions for a p-adic reductive group were computed explicitly by Mac-
donald [Mac71]. In [Cas80], Casselman reproved Macdonald’s formulas using the theory
of unramified principal series representations. This point of view, was further taken by
Casselman and Shalika in [CS80] where they explicitly compute the spherical Whittaker
functions for a p-adic reductive group, generalizing Shintani’s formula for GL, [Shi76].
The method of Casselman and Shalika has since been applied in many cases to compute
spherical functions on p-adic symmetric spaces or more generally on spherical varieties (e.g.
[HS88], [Off04], [Sak06]). See also [BFHI1], which extends the method to the metaplectic
double cover of Spo, (F).

The main result of this work, specialized to the case n = 1, recovers the Shintani,
Casselman-Shalika formula for the spherical Whittaker functions of GL,.(F') in terms of
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the symmetric Schur polynomials. For general n, a central difficulty is the failure of
uniqueness of Whittaker functionals (and therefore of spherical Whittaker functions of a
fixed Hecke eigenvalue). In [Hir99], Y. Hironaka computed explicitly the spherical functions
on the space of non-singular Hermitian matrices with respect to an unramified quadratic
extension of p-adic fields. This is a case where multiplicity one fails. Hironaka’s approach
to the Casselman-Shalika method in case of multiplicities (see §1 of [loc. cit.]) is our
guideline for this work.

Roughly speaking, a spherical function can be expressed as the value of a certain linear
form applied to translates of the unramified vector in an unramified principal series repre-
sentation. The idea behind the Casselman-Shalika method is to reduce the computation
for the value of the linear form on a translate of the element invariant under the maximal
compact subgroup to the computation of simpler expressions for elements invariant under
a smaller open compact - the Iwahori subgroup. There are three main steps in carrying
out the method.

The first has to do solely with the group and not with the particular linear form we
consider. It is an expansion of the unramified element of a principal series representation
in terms of a ‘well chosen’ basis of the Iwahori invariant subspace - the Casselman-Shalika
basis. In [Sak], Sakellaridis provides a formula for spherical functions in the general setting
of spherical varieties for a split reductive group (this, however, does not contain our case
as long as n > 1). His characterization of the Casselman-Shalika basis simplifies the
computation. In Subsection 3.3 below we take this approach and construct the Casselman-
Shalika basis for the unramified principal series of @L&C)(F ).

The second step is to obtain Weyl group functional equations between the spherical
functions. The unramified principal series representations are parameterized by a vari-
able, say s, in some complex variety on which a related Weyl group acts. Crucial to the
computation of the spherical functions is to relate explicitly between the spherical func-
tions associated to s and those associated to ws for any Weyl element w. When n = 1,
the space of Whittaker functionals of an unramified principal series representation is one
dimensional. There is then a one dimensional space of spherical Whittaker functions for
a given parameter s (i.e. for a fixed Hecke eigenvalue) and the functional equations are
therefore scalar valued. For general n the space of Whittaker functionals for an unramified

principal series representation of éLSAC)(F ) is of dimension Wm. This complicates
the computation of the functional equations. Once a basis of ‘Whittaker functionals for
any parameter s has been fixed, there is a matrix associated to any Weyl element w that
expresses the basis for ws in terms of the basis for s. Such a functional equation is provided
in [KP84, Lemma 1.3.3]. We present it again in Section 5 below correcting some minor
errors already pointed out in [BBL03]. It is further pointed out in [loc. cit.] that in order
to justify the computation of Kazhdan-Patterson one has to choose the metaplectic group
defined by a block compatible 2-cocycle of GL,(F) as constructed in [BLS99].

The third step is the evaluation of the linear forms on translates of the Iwahori invariant

functions in the Casselman-Shalika basis. This, in our case, is not much more complicated
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than in the n = 1 case and is the content of Lemma 7. This lemma leads in turn to Theo-
rems 1 and 2 (at the ends of Sections 4 and 6, resp.) which give two different expressions
for the spherical Whittaker functions as a sum over Weyl group.

Once Theorem 2 has been established, it is a simple matter to relate the spherical
Whittaker functions to the local parts of the type A Weyl group multiple Dirichlet series
constructed by Chinta and Gunnells. After a short preparation in Section 8 this is done in
Section 9. Along the way, in Section 7 we show that a basis of spherical Whittaker functions
can be chosen, so that their values at each point of CNJLq(nC) are symmetric functions of the
complex variable s. The Chinta-Gunnells local component is not symmetric. Nevertheless,
the functional equation satisfied by Eisenstein series suggests that such a basis may play a
role in the global theory. Finally in Section 10 we show that the zonal spherical functions
can be computed explicitly in terms of Hall-Littlewood polynomials as in Macdonald’s
formula for GL,. Though zonal spherical functions are not the main object of study in this
paper, we include this short section as a further application of the utility of the Casselman-
Shalika basis computed in Subsection 3.3.

We conclude this introduction with a brief description of McNamara’s work [McN]. Mc-
Namara directly computes the spherical Whittaker function as an integral of the spherical
vector ¢k in the principal series representation over the unipotent group U. He decom-
poses U into cells on which ¢ is constant. Remarkably, he shows a bijection between
this collection of cells and elements of a canonical crystal base for the quantized universal
enveloping algebra U,(g), which then allows him to reproduce the Gelfand-Tsetlin descrip-
tion of Brubaker-Bump-Friedberg [BBFa| for the p-part of a type A Weyl group multiple
Dirichlet series. Equating our formula for the spherical Whittaker function (given in Theo-
rem 2) with his produces a purely combinatorial identity: a sum over a Weyl group equals a
sum over a crystal basis. It is striking that to date, the only means of proving this identity
is via the theory of Whittaker functions on the metaplectic group éLﬁc)(F ). It would be
desirable to have a more direct proof of this identity. The insight gained by such a proof
may allow us to generalize the crystal base description to other root systems.

Acknowledgments The authors thank Yiannis Sakellaridis and Peter McNamara for
making available to us their preprints.

2. NOTATION AND PRELIMINARIES

Let F' denote a non archimedean local field, O the ring of integers of F), p the maximal
ideal of O, ¢ the size of the residual field O/p of F' and w a uniformizer in p. Let || be
the normalized absolute value on F' and let v : F' — Z U {00} be the valuation on F' so
that |z|, = ¢ V@ . Denote by F* the multiplicative group of F' and for every integer n let

F*"={a":x € F*}.

Fix a non trivial character ¢ of F' and let dx be the self-dual Haar measure of F' with
respect to 1. We shall assume throughout that ¢ has conductor O. Thus vol(O) = 1. Fix a
positive integer r and let G = GL,.(F). The Iwasawa decomposition gives G = BK = AUK
where U is the group of upper triangular unipotent matrices in GG, A the group of diagonal
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matrices in G, B = AU the standard Borel subgroup of upper triangular matrices in G
and K = GL,(O) the standard maximal compact subgroup of G. We denote by ¢y the
character of U defined by

¢U<u) = 77/J(u172 + -+ ur—l,r), U = (um’) eU.

Denote by 20 the group of permutation matrices in G' and identify it with the Weyl group
of G. We will also identify 20 with the group of permutations of {1,...,n} via

w = (0iw())-
Let
©={(i,j): 1 <4, j<r i#j}
be the root system associated with G. It is a root system of type A, ; with Weyl group
20. The action of 20 on @ is given by w(i, j) = (w(i), w(7)). Let
A={i+1):i=1,...,r—1}

be the set of simple roots with respect to B. The root a = (i, j) is positive and we write
a > 0if ¢ < 7, otherwise we write a < 0. Set

O (w) ={a>0:w'a <0}

Thus ¢(w) = |®~ (w)] is the length of the permutation w. If w,, denotes the simple reflection
associated to @ € A then

lw)—1 o€ d (w).

Denote by wg € 20 the longest Weyl element, i.e. the unique w € 20 that takes all
positive roots to negative roots. For every root a € ® let u, : F' — G be the associated
one parameter subgroup and let U, be its image. If a > 0 then U, is a subgroup of
U. Otherwise U, is a subgroup of the group U of lower triangular unipotent matrices.
For every w € 20 we denote by U, the group generated by U,, o € &~ (w). Thus, the
imbedding of U,, in U defines a bijection

Uy =~ (UNwUw H\U.

The Haar measure on U, will be taken according to the isomorphism with F. On U, (and in
particular on U = U, ) we will use accordingly the product Haar measure. It is normalized
by the requirement that

) = {e(w) +1 agd (w)

vol(U, N K) = 1.
2.1. The metaplectic n-fold covers of GL,. Fix a positive integer n and let
pn(k) ={x ek : 2" =1}

be the group of nth roots of unity in a field k. Assume from now on that F is such that
|(un(F)| =nand let (,) = (, )pn: F* X F* — p,(F) be the nth order Hilbert symbol.
It is a bilinear form on F* that defines a nondegenerate bilinear form on F*/F*" and
satisfies

((L’, —ZE) = (x,y)(y,ac) =1l z,y€ P



6 GAUTAM CHINTA AND OMER OFFEN

In particular (z,—1) = (z,z) € {£1} is a sign which is also an nth root of unity (and
therefore always equals 1 if n is odd). We denote by ¢ = g, r the sign determined by

0= (w,w) = (w, —1).
Associated to every 2-cocycle 0 : G X G — p,(F') there is a central extension G of G by
wn(F') satisfying an exact sequence
1 — po(F) G256 — 1.
We call G a metaplectic n-fold cover of G. As a set, we can realize G as

G =G X (F)={{(g,¢) : g € G, ¢ € p(F)}.
The embedding ¢ and the projection p are given by

1(¢) = (e, ) and p({g,()) =

where e denotes the identity element of G. The multiplication is defined in terms of o as
follows,

(915C1) (92, C2) = (9192, C1G2 0 (g1, 92)) -
For any subset X C G let

X=p iX)CAG.
We also fix the section s : G — G of p given by s(g) = (g,1). Thus for g, go € G we have
s(g1)s(g2) = (9192, (g1, g2)) -

For 2-cocycles in the same cohomology class the associated metaplectic coverings are iso-
morphic. Kazhdan and Patterson provided in [KP84] 2-cocycles ¢{© parameterized by
¢ € Z/nZ that exhaust all cohomology classes (but do not necessarily all lie in different
cohomology classes). They are related by

(2.1) o (g1, g2) = 09 (g1, g2)(det g1, det g2)°, g1, g2 € G.

We take 0(0 = 0\” to be the block compatible 2-cocycle on G constructed in [BLS99] and

let 0© = o!” be related to o by (2.1). It is the unique family of 2-cocycles that satisfies
the three properties (2.2), (2.3) and (2.4) below.
Ilfr=ri+---+mr and g;, g € GL,,(F) fori = 1,...,k then

(2.2) o'9(diag(gi, - - -, ), diag(gy, - -, g1))

[H 0,7 (i 9; ] [H(det gi, det ¢)" ! (det g;, det g})°
i<j

The 2-cocycle 050) is the trivial one, i.e.

(2.3) o\, y) = (z,y)", z, y € F*.
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The 2-cocycle aéo) is the one explicitly described by Kubota. That is,

() . X(9192) X(9192) c
(2.4) oy (91,92) = ( (o) ’X(gg)detgl) (det g1, det go)

{5 28 wn (1)

Throughout the paper we fix the positive integers r and n and the modulus class ¢ €
Z/nZ and let o = o\”. Note that the restriction of & to A is given by

(2.5) o(a,a’) = [H(ai,aj)] -H(ai,aj)c

where

i<j .3
for a = diag(ai, ..., a,) and o’ = diag(ay, ..., a;). )
The group U splits in G. In fact s|y is an imbedding of U in G. Furthermore, we have
(2.6) o(u1giuz, gaus) = o (g1, u292), g1, g2 € G, uy, uz, uz € U.
Note that this implies that for every u € U and b € B we have
(2.7) bs(u) b~' =s(p(b) u p(b)™")

and in particular that s(U) is normal in B.
We fix the decomposition

n = nyng where ny = ged(n, 2rc+r — 1)
that plays an important role in the structure of G. Let
7 ={ze: ¥t ¢ P

Then Z is the center of G (and of B) [KP84, Proposition 0.1.1]. We make the following
simple observation.

Lemma 1. We have
Z ={ze:x € ¥},

Proof. We need to show that F*"2 = {x € F* . g%l ¢ F>*"}  If x is an nyth

power then, since n; divides 2rc 4+ r — 1, it is clear that z?"“*"~! is an nth power. If
2rc+r—1
Iretr=l — " for some y € F* then = =t 3~ is an n;th root of unity. Since F contains
2rc+r—1

a primitive nth root of unity, there exists ¢ € F* such that x ™ = ({y)". Note that
ged(ng, 2’“%:_1) = 1 and therefore z is also an nyth power. O

T

For the rest of this work we assume that |n|, = 1. Under this assumption we have
(2.8) (ur,ug) =1, uy, ug € 0.

The group K also splits in G.. There is a map Kk K — p,(F) such that g — k*(g) =
(g9,k(g)) is a group homomorphism from K to G. We denote its image by K*. The
splitting «* is not unique, but its germ at the identity is. We shall fix x such that x* is
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what Kazhdan-Patterson refer to as the canonical lift of K to G. It is characterized by the
property that

(2.9) S|ANK = K[ank Sjan = Kjgg and Sjunx = Kjyng

[KP84, Proposition 0.1.3]. The topology of G as a locally compact group is determined by
this embedding. For every subgroup K, of K denote by

Kg = r"(Ko)
its image in K*. Note that the Iwasawa decomposition of G gives G' = s(U)AK*.

2.2. Spherical Whittaker functions. Let € : p,(F) — 1,,(C) be an isomorphism, fixed
once and for all.

Definition 1. Let Q be a subgroup of G. A function f : Q — C is called e-genuine if
F(¢) g) = €(O)f(9), g € Q, C € pn(F).

Consider the e-genuine spherical Hecke algebra
HI(G,K*) = {f: G — C:supp(f) is compact and
F((Q)krgha) = €(C)f(9), k1, ko € K*, g € G, ¢ € pa(F)}.
The Hecke algebra Hf(é, K*) acts on the space C¢(G/K*) of right K*-invariant, e-

genuine functions on G by the convolution

(2.10) £ b(z) = /G F(s(9))6zs(g) ™) dg

where f € H(G,K*), ¢ € C°¢(G/K*) and z € G. Note that the function g flg)p(xg™)
on G is t(p,(F))-invariant and that the integration is over G ~ ¢(u,,(F))\G.

Definition 2. An e-genuine spherical Whittaker function on G is an element W € COO’&(GY JK*)
so that .
W(s(u)g) = Yu(W)W(g), uel,geC

and W is a common eigenfunction of H¢(G, K*).

The spherical Whittaker functions on G are the main objects of study of this work.
Our main tool is the Casselman-Shalika method that is based on the theory of unramified
principal series representations and that we now recall.

3. THE UNRAMIFIED PRINCIPAL SERIES OF G

The unramified principal series representations of G were introduced in [KP84, §1.1]. We
recall the construction of Kazhdan and Patterson. Consider the subgroups A" C A, C A
defined by

A" = {a = diag(ay,...,a,) € A:a; € F*"}
and
A, = A Z where A, = {a = diag(a,...,a,) € A:v(a;) =0(n)}.
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The group A, is what Kazhdan-Patterson called the standard maximal abelian subgroup
of A (denoted by H, in [loc. cit.]). It is normalized by s(20). In fact we have

o(m,m’) =1, m, m" € s(2W)A..

This follows from the characterization of the block compatible 2-cocycle given in [BBLO03,
(1.2), (1.4), (1.5)] and the fact that ¢ is trivial on A, x A, (that follows from (2.8) and
(2.5)). This implies that
(

3.1) s(w)s(a)s(w) ™" = s(waw™), w € W, a € A,.

For s = (s1,...,5,) € C" we denote by x, the (non-genuine) character of B defined by

32  x(diagar,....a)u,Q) = [[lal" a € F*, u€ U, ¢ € pa(F).
=1

Any character of a subgroup A’ of A will automatically be considered as a character of
A"s(U) which is trivial on s(U). Set B, = A,U.

Let w be an e-genuine character of A"Z and let ' be a character of A, that extends w.
Define the principal series representation associated to w by

I(W) = indg* (w).

This is the representation of G by right translations (R(g)¢)(x) = ¢(zg), g, © € G on the
space of functions ¢ : G — C that are right Kj-invariant for some open subgroup Ky of K
and which satisfy

r—1r—-3 1—r

5Ty Ty ).
Although the realization of the representation I(w’) does depend on w' its equivalence class
is only dependent on w. The character w of A7 is called unramified if a — w(s(a™)) is

an unramified character of A, i.e. if w is trivial on A» N K*. It is called normalized if in
addition w 7. is trivial. The representation I(w’) is then called a normalized, unramified,

0(bg) = (x,w")(b)e(g), b € B., g € G where p= (

principal series representation. Every e-genuine, unramified character w of AnZ can be
twisted to a normalized one, i.e. there is a quasicharacter x of F'* such that w(x o det op)
is a normalized unramified character of AnZ [KP84, Lemma 1.1.1]. It follows that if w
is unramified then the associated principal series representation I(w’) can be twisted to a
normalized unramified one. If w is an e-genuine, normalized unramiﬁed character of AnZ
then there exists a unique extension w’ of w to A, such that w |A Age =1 [KP84, p. 60].

This is referred to as the canonical extension. The K*-invariant subspace I(w')%" of I(w’)
is then one dimensional [KP84, Lemma 1.1.3]. Let ¢x = px(w') € I(w)%" be normalized
by ¢k (s(e) : w’') = 1. The normalized spherical section is also given by

Cn W) (b) g=bk,be B, ke K*
@K(g'w)_{o g & B.K*.



10 GAUTAM CHINTA AND OMER OFFEN

3.1. Parameterization. Let w be an e-genuine, normalized unramified character of A»Z
and let s = (s1,...,s,) € C" be such that

(3.3) w(s(a)) = H s

Note that the entries s; of s are only determined by w modulo n2;” Z. 1t s € C" satisfies
(3.3) we say that s is an ezponent of w.

Si

, a = diag(ay,...,a,) € A".

Lemma 2. Let w be an e-genuine, normalized unramified character of A"Z and let s =
(s1,.-.,8:) € C" be an exponent of w. Then there exists a unique ¢ € o, (C) satisfying

(3.4) (M= e(g)§(2rc+r—1)@
such that
(3:5) w(s(@2e)) = ¢ g merEe,

Every pair (s,() with s € C" and ¢ € p2,,(C) satisfying (3.4) determines uniquely an
e-genuine, normalized unramified character ws ¢ of A"Z satisfying (3.3) and (3.5). If (t,n)
is another such pair then ws ¢ = wy, if and only if

na(s1+-+sr) —na(t1+-+tr)

"t =g =1, and Cq” =14

Proof. 1t folllows from (2.5) and a simple induction that for every z € F* and integer
m > 0 we have

(m— l)m

3.6 s(ze)™ = 1(p)zPretr—bv(@) s(z™e).
( p)?
Applying (3.6) to x = @w" and m = ny we get that

S(wnge)nl _ L(Q)%(Zrc+r_1)(nlgl)ns(wne)

and therefore

w(s(wme))”l — E(Q) (2rc+r 1)Mq n(sl+---+sr).
Thus, ¢ = w(s(w™e)) 217 +5) indeed satisfies (3.4) and the uniqueness of such ¢ is
obvious. This proves the first statement of the lemma. Fix a pair (s, () as in the statement
of the lemma. By Lemma 1 a character wy ¢ as desired, if it exists, is determined by its re-
striction to s(A™) and its value on s(w™e). Therefore the character is uniquely determined
by (s,(). We now show that such a character wy ¢ exists. It follows from Lemma 1 that for

any a € ZAn there exists u € @™ and k € Z such that p(a) € uw™*A". Assume that

(3.7) ((G) s(ure) s(@™) s(ar) = 1(G) s(uze) s(@™)* s(az) € A"Z
with ¢; € un(F), ki € Z, u; € O*™ and a; = diag(al,...,al) € A", i = 1,2. To show that
ws,c can be well-defined we need to show that

(38) (Cl) Ckl —naky (s1+-+sr) H |a1|8] _ <2 Ckg —noka(s1+-+sr) H |(L2|SJ
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Applying the projection p to both sides of (3.7) we have
(3.9) oM a1 = w2 uga,.
Comparing valuations of each entry we see that

noky 4+ v(a}) = naky +v(al), j=1,....r

This implies in particular that

(3'10) q—N2k1(S1+--~+Sr) H |a]l|5j _ q_n2k2(51+"'+5r) H ‘a?‘sﬂ'
j=1 j=1

and that

(3.11) ki = ks mod n;.

Without loss of generality we may assume that ko > ky. From (3.9) and (3.11) we see that
ufluz € O*™ and

(GG ") = s(@™)* M s(uy use)s(ay ' az) = s(@™) M s(ur uzay ay).
Applying (3.6) again it follows that

r (kg —ky—1)(ka—kq)
—1 _ T(2retr—1)ny F2a=k1=Dka=hk)
ClCZ _ 92( rct+r—1)ns 5 )

On the other hand
(n1—1)n ko—kq

Ck)Q*kl — E(Q)%(Zrc—f—r—l)f o — E(Q)%(2rc+r71)n27(n171)<2k27k1>'

Note that

(ks — k1 — 1)(ks — k1) (n1 — 1) (ks — ky) Rahy (hhy )
Ny 5 =TN2 9 + nny 9

and since 0" = 1 we get that

(3.12) ¢ =e(GG ).

From (3.10) and (3.12) we get (3.8) and the existence of w, . The last equivalence condition
of the lemma is now straight forward from the requirements (3.3) and (3.5) . O

For the rest of this section we fix s € C" and ¢ € pg9p, (C) satistying (3.4), set w = wy¢
and let «’ be its canonical extension to A,.

3.2. Intertwining operators. For w € 20 let ww be the character of A"Z defined by
(ww)(a) = w(s(w) ™ as(w))

and similarly, denote by ww’ the canonical extension of ww to A,. An important role in

the study of the principal series representations is played by the intertwining operators

Ty : (W) — I(ww'). They were studied in [KP84, §1.2] and we now recall some of their
properties. If s satisfies

(3.13) Res; > Res;y for all i such that (7,4 +1) € ® (w™)
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then T, is defined for ¢ € I(w') by the absolutely convergent integral

(3.14) Toolg) = / o(s(wou)g) du.

For general s the value of this integral can be regularized as follows. Using the decom-
position G = BK*, the character x, of B (see (3.2)) can be extended uniquely to a right
K*-invariant functlon on G, that we denote by Y. For ¢ € I(w') we define the holomorphic
section ¢; € I(xyp,w'") by oo = Xep, t = (t1,...,t,) € C". Let

Liz)=(1—-¢* " zeC

be the local zeta function of F' and for ao = (4, j) € ® let L,(s) = L(s; — s;). The function

= H La(n(t + )™ | Tupr

ac -1

defined for all ¢ such that s + ¢ satisfies (3.13) is in fact a polynomial in ¢*'*, ... ¢*'. For
s such that [],cq- (1) La(ns) ™" # 0 this allows us to define T, by

(3.15) T = H Lo (ns) H Lo(n(t+ )" | Twer

o -1) e}

) |t=0.

It gives the regularization of the integral (3.14) and we symbolically denote it by

Twip(g) = / * p(s(wou)g) du.

We call s or w regular if for all w € 20\ {e} we have w # ww, i.e. if for all i # j we have

9m/—1
Ty

nlogq

Si—5; &

Thus, for every regular w and every w € 20, T, is defined on I(w') by (3.15). For the
normalized K*-invariant element we have

(3.16) Twpr (W) = cu(s) o (ww')

where

Cw(S) _ H L(n(si_sj))

ey L =8 T 1)
For every wy, wy € 20 we have the following equality of intertwining operators from [ (w’)
to I(wjwyw’)
Cuy (W2S)Cusy (5)

Cusyws (8)

(3.17) Ty, Ty = T
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Recall further that
Cun <w25>cw2 (5)
Cwiws (3)

(3.18) = 1 whenever {(wywq) = (wy) + {(w,).

3.3. The Iwahori invariant subspace. Let 7 denote the Iwahori subgroup of K com-
patible with B. It is the group of all matrices in K with upper triangular projection to
GL,.(O/p). The Casselman-Shalika method is based on an explicit expansion of ¢k in terms
of a carefully chosen basis, convenient for computations, of the Iwahori invariant subspace
I(W)T of I(w'). Next, we select the basis adopting the approach of Y. Sakellaridis (cf.
[Sak]). As it turns out, this generalizes the basis used in [Cas80, CS80] (see Remark 1
bellow).

For every a € A let ¢, : A — ji,,(F) be the homomorphism defined by
WCa(b)) = aba™ b1, b € A.

Since A, is a maximal abelian subgroup of A it follows that ¢, is trivial on A, if and only
if « € A,. Note that Ca 1s trivial on ZAn for all a € A. Since A, = ZA"(AN K*) we get
that (, is trivial on AN K* if and only if a € A,.

Lemma 3. For every o € I(w')X" the support of ¢ is contained in B.K*.

Proof. The group G has a disjoint decomposition

(3.19) G= U U B.as(w)I"

a€A,\AwEW

and therefore ¢ € I(w') is determined by its values p(as(w)) for w € 20 and a € A. The
decomposition (3.19) gives in particular

B.K* = U_B,s(w)T".
we0

Fix a € A and let ay € AN K C T. It follows from (2.9) that x*(ag) = s(ag). On the one
hand, we therefore have

plas(w)s(ao)) = p(as(w))
and on the other hand by (3.1) we have

as(w)s(ag) = as(waow™s(w) = 1(Cu(s(wagw™)))s(wagw™")as(w)
and therefore
plas(w)s(ag)) = e(Ca(wagw™))p(as(w)).
It follows that if p(as(w)) # 0 for some w € 2V then (, is trivial on A, N K* and therefore
that a € A,. The lemma follows. O

It is easy to verify that fo1r~ every w € 2 there exists a unique element ¢, = @, (W) €
I(w")T" that is supported on B,s(w)Z* and such that ¢, (s(w)) = 1. It follows from Lemma
3 that the set

B = {py :w e W}
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is a basis of I(w')?" and we have
=D v
we0
This expansion of g is, however, not very useful for our purpose. The set

By = {TPu, (w ') : w € W}

will soon turn out to be a basis of I(w’)?"; this is in fact the basis we are after. In order
to see that B, is indeed a basis we will show that the transition matrix that expresses the
set By in terms of the basis 2B, is upper uni-triangular and in particular invertible. For
this purpose we need to recall an elementary property of products of Bruhat cells in G.
For w € 2 let C(w) = BwB.

Lemma 4. For every wy, wy € W we have

(3.20) C'(wy)C(we) C (e(w)d(u%M(w)C(w)) U C(wywy).

Proof. If ¢(wy) = 1 then C(w;)C(wy) C C(wywy) U C(wg) by the Tits system formalism
(see for example [Hum75, §28.3]) and in particular (3.20) holds. The lemma follows by a
simple induction on £(wy). O

Lemma 5. The set By is a basis of [(w')*".
Proof. We will show that

(3.21) fu = TowePuwo € P+ & C oy

L(w')>L(w)
This puts B, in upper uni-triangular relation with %8, and therefore B, is indeed a basis.
By Lemma 3, for every ¢ € I(w')?" we have

= p(sw)pw.
weW
Using the change of variables w +— wwy, to get (3.21) it is therefore enough to show that
TwPuw, (s(wwp)) = 1 and that if v’ € 20\ {wwy} is such that Ty, (s(w')) # 0 then
l(w') > l(wwy). We first show the latter. Recall that

—~—

SUpP(Puy) = Bus(wo) ™ € C(wy),

If s(wu)s(w’) lies in C(wy) for some u € U, then in particular w™luw’ € C(wy), i.e.
C(w™1)C(w') contains the open cell C'(wy). It follows from Lemma 4 that either w’ = wwy
or l(wpy) < l(w) + L(w'), i.e. L(w') > L(wy) — (w) = L(wwy). In the region of convergence
of the integral (3.14) it follows that if T}y, (s(w)) # 0 then either w’ = wwy or £(w') >
¢(wwy) and by meromorphic continuation the same holds in general. It is left to show that
TowPuw, (s(wwyp)) = 1. Again, using meromorphic continuation it is enough to show this in
the region of convergence. Note that if u € U, is such that w™luwwy € BwyZ then there
exists b € B and uy € U NZ such that wuwwy = bwyug and since w'U,w C U we get
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that b = (w™luw)(wo(ue) ‘wy') € BNU = {e}. Thus in particular v € U, N K. This
implies that

(3.22) TP, (Wwo) = / o (3(w ™ u)s(wwy)) du.

UwnK
But if u € U, N K and w; = ww, then

1

s(w™tu)s(wwy) = s(wo)s(wy) 's(u)s(w) = s(wp)s(wy uw,) € s(wo)I*.

Here the first equality follows from (2.9) and the second holds since in addition w;  uw; C
U N K and therefore by (2.6)

a(wflu,wl) = a(wfluwlwfl, wy) = a('wfl, wy) = 1.

This implies that the integral in (3.22) is over the constant function 1 and from our nor-
malization of measures indeed

Ty (Wwg) = 1.
This shows (3.21) and completes the lemma. O

As an almost straightforward consequence we now have

Lemma 6. The expansion of ¢k in terms of the basis Bo is given by
Cup (W 5)

o) =3 gy Topu (W)
weyy W

Proof. By Lemma 5 there are constants a,(s) such that

(3.23) $K = Z Oéw(S) ngpwo'
weWW

It follows from the property (3.21) and the proof of Lemma 5 that T,,¢.,(e) equals 1 if
w = wy and 0 otherwise. Therefore evaluating (3.23) at e we get that

(3.24) Qo (8) = 1.
Now apply an intertwining operator 7, to (3.23). On the one hand

T (W) = cw(8)pr(W'W') = cw(s) Z oy (W'8) Ty (W™ '),

weW
On the other hand by (3.17) we get that
B co(w™ts B
Twpr(W) = Z 0 (8) Tor TPy (W) = () Z ﬁaw(s) TPy (0™ ')
weW wey WY

Clwy-1w(WTW'S) _
=Cy () Z ; (Zﬁlw/s) V) -100(8) TPy (W 0'W").
wed w
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Now comparing the coefficient for w = wy for the two expansions of T,y ¢ (w') and taking
(3.24) into consideration we obtain that

Claw) -1 (Wo W'S)

()= Two \ S :17
Cwo(wo_lwls) W 0( )

Cug (w™1s)
cw(w—1s)

Remark 1. The proof of Lemma 5 together with (3.17) and (3.18) also shows that for
w, w' € W we have

i.e. that a,(s) = . The lemma follows. O

1 w'w=wy

0 otherwise.

Ty wﬁpwo(e) = {

In particular, in the case n = 1, B, is the basis used by Casselman and Shalika reordered.

As we shall see, this basis proves useful for computation of the Whittaker spherical func-
tions. Though not the main objective of this paper, in Section 10 we further demonstrate
the advantage of the above expansion of ¢, and compute the zonal spherical functions for

G.

4. SPHERICAL WHITTAKER FUNCTIONS

Whittaker functionals on the principal series representations of G were defined and
studied in [KP84, §3]. We recall the relevant results, introduce the associated spherical
Whittaker functions and compute them in terms of the Kazhdan-Patterson functional
equations.

For the rest of this work fix a root of unity ¢ satisfying (3.4). We often suppress from our
notation the dependence of objects on (y. Let s € C", w = w; ¢, the e-genuine, unramified,
normalized character of A" Z associated to (s, (y) by Lemma 2 and «’ its canonical extension
to A,. Denote by Wh(w') the space of Whittaker functionals on I(w'), i.e. the space of all
W e I(W')* such that W(R(s(u))¢) = vy (u) W(e), u € U. From [KP84, Lemma 1.3.2] we
have that

dime Wh(w') = ’fl*\fl‘ =nyn" L.

For every a € A Kazhdan and Patterson associated a Whittaker functional W, € Wh(w')
defined by

*

Wa(g) = Walp: o) = / (a8 (wou) by ()™ du, ¢ € I(w).

U
As is the case with the intertwining operators, the integral is absolutely convergent when-
ever Res; > --- > Res, and for general s we write f; for the regularized integral that
provides the meromorphic continuation. It is easy to see that

(4.1) Wara(W') = (x,0")(d) Wo (W), a € A,, a € A

Furthermore, it follows from [KP84, Lemma 1.3.1] that for any set of representatives I
for A,\A the set B(I') = {W,(w') : v € T'} is a basis for Wh(w'). If " is another set
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of representatives for A,\A then the basis B(I") is proportional to B(I') and for every
w € W there is a transition matrix D, (s) = DL (s) = (7,4 (w, 8))yer~er between the

’A*\fl‘—tuples (W, (ww') o Toy)yer and (W, (w'))yer such that

(Wi (W) 0 Tow)yer = Du(8) Way (W) yrer.
Note that, as the notation suggests, the matrix coefficient 7. .,(w, s) depends on v and +'
but not on the sets I' and I'" in which they lie, the coefficient 7, . (w, s) is now defined for
any two elements a, a’ € A (even if a # o' but A.a = fl*a’).
In Section 5 we provide the Kazhdan-Patterson formula for 7, . (w, s). In this section we
compute the spherical Whittaker functions in terms of D, (s) by the Casselman-Shalika
method. For every a € A define the e-genuine, spherical Whittaker function W, by

Walg) = Walg : ) = Wa(R(9)ox : &), g € G.
Expanding ¢ according to Lemma 6 we obtain

(4.2) (Wo(g:w'))yer = Z

Cup (W1S)

co(w1s) (WW(R(g)ngpr(wflw/) tw'))yer

= Z %_1188)) (W'y(wl) o Tow(R(9)Puwo (wilw/)))'YEF

= Z % Dw(w_ls) (W’Y’(R<g)90wo . w_lw/))'y’el'"-

w

Expanding (4.2) we get that

(4.3) Walg) = Z% el Z Tary (w0, W )W (R(9) 0, = w ).
Since
(4.4) Wa(s(u)gk) = du(u)Wa(g), u€ U, g € G, k € K*

and G = s(U)AK* it is enough to compute W, on A. Set
A™ = {diag(ay,...,a,) € A:v(ay) > v(az)--- > v(a,)}.

In the following lemma we compute the term W, (R(b)pu, : ') for every a, b € A Asa
consequence we get that Waz is supported on A= and that for g € A~ there is a unique

7' such that the inner sum in (4.3) associated to 4/ does not vanish. For b € A set
b* = s(wo)b 's(we) ! € A.
Lemma 7. Fora,b € A we have

/ x\—1 n_ T 5
Wa(R(D)puy : &) = X2 ()00 ) a(b) ™) b€ A” and Aca = Ab
0 otherwise.
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Proof. We prove the lemma using the integral definition of WV, in the range of convergence.
The lemma follows in the general case by meromorphic continuation. Note that (even if
we only assume a € B) for any u € U we have as(wou)b € B,s(wy)Z* if and only if
as(wy)bs(we) ™" € A, and b~'ub € U N K. Tt further follows from (2.7) that bs(U)b~! =
s(U). Since B,s(wy)Z* is the support of ¢y, it follows that W,(R(b)@w, : «') = 0 unless
a(b*)~' € A,. If this is the case we have

WalRO)ws ) = [ (astun) D) du
(UNEK) (5)-1
After a change of variable u — bub™!, applying (2.7) we obtain

Wa(R(b)pws) = X20(b) /UOK Puo(as(wo) bs(u))u(p(b)up(d)™") ™" du

= X2p(b) Puy(as(wp)b) ¢U(p(b)up(b)_1)_1 du.

UNK

The character u — 1y (p(b)up(b)~!) is trivial on U N K if and only if b € A~. It now
further follows that W, (R(b)pw,) = 0 unless b € A= Ifbe A= and A,a = A,b* then
)

Puo(as(wo) b) = uy (a(b”) ™" - s(wo)) = (x,0')(alb*) ™)
since by definition ¢, (s(wp)) = 1. The lemma follows. O
We conclude this section with

Theorem 1. Fora, b€ A we have W,(b: ') = 0 unless b € A= and in this case

_ Cup (WLS) o
(45) Wa(b . w,) = XQ,D(b) Z m Ta,b* (/LU,/LU S).
we
Proof. Apply Lemma 7 to (4.3) and choose I such that b* € T". O

In the following section we review the functional equations of Kazhdan and Patterson
which give a formula for the coefficients 7, -, see Proposition 1 below. Then in Sections
6, 7 and 8 we present analogous formulas for different sets of bases of spherical Whittaker
functions.

5. THE FUNCTIONAL EQUATION

The functional equation for the Whittaker functionals of normalized, unramified princi-
pal series representations was obtained by Kazhdan and Patterson [KP84, Lemma 1.3.3].
Minor corrections were pointed out in [BBL03, Proposition 2.3] where they considered the
special case r = n — 1. In particular, it was pointed out by Banks-Bump-Lieman that to
justify the computation of the functional equation, it is essential to use, as we do, the block
compatible 2-cocycle given by [BLS99]. In this section we present the explicit description
of the functional equations. That is, we provide formulas for the coefficients 7, ,(w, s). The
upshot is that (4.5) becomes an explicit formula for the spherical Whittaker functions.
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Introduce the variables

Y= (y17 s 7y7“) where Yi = q_Si
and set
y = ylyy oyl for f= (R ) €27
By abuse of notation, we further set ¢, (y) = ¢, (s), w € 20. Thus,
1—q ' (&)
ww) = 11 ——am
L 1— (%)
1<J Yj
w(i)>w(j)

Similarly, for a, b € A and w € 20 we write T,5(w : y) = Tap(w,s). It follows from the
equivariance (4.1) that for every w € 20, a, o’ € A, and b, b’ € A we have

(5.1) Tabart (W y) = Xp(a(a’) ™) (ww')(a) w'(@') ™ Ty (w2 y).
For any wq, wy € 20 and any sets of representatives I', IV, I"” for fl*\fl the multiplicativity

(3.17) of the intertwining operators implies the cocycle relation

59 DL _ Curywy (8) DL DU (g,
( ) wiwse (3) Cuy (wQS)CwZ (S) w1 <w28> wa (S)

It follows from (5.2) that

Cuyws ()
Cun (w2y)CW2 (y

(5.3) Tap(Wiwy 1 y) = ) Z Tan (W1 2 Way) Ty p(w2 2 y)

yeAN\A

for any a, b € A. Note that the summands are independent of coset representatives for
v € A\A. The property (5.3) reduces the computation of the coefficients 7,,(w : y) to
that for w a simple reflection. Let

L = Z(nsl,) + (nZ)"
where I, = (1,...,1) € Z". The lattice L is also given by
L={(f1,.. ) € (MZ) :§;—fix1=0 (modn),i=1,...,r—1}.
For a € A such that p(a) = diag(as, ..., a,) let
fla) = (v(ar),...,v(a,)) € Z".

Thus, a € A, if and only if f(a) € £. For k € Z/nZ we denote by g¥(k) the Gauss sum
defined by

ueOx /14p
For a simple reflection w,, a = (i,i+1) € A and f = (f1,..., f) € Z" set

wolf] = (Frs -, fimt, fin = L fi + 1, figa, 0 f2).

By composition, this defines an action (w, f) — w[f] of 20 on Z" (the Coxeter relations are
easily verified). For f = (f,...,f,) € Z" set @’ = diag(z=", ..., @) € A.
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Proposition 1 (Kazhdan-Patterson). Let a = (i,i+ 1) € A and let a, b € A. We have

Tap(Wa 1Y) = Tap(Wa 2 y) + 744 (wa : y)
where Té’b(wa :y) are defined by the following properties:

)

Topabop(Wa 1Y) = Xp(aoby ') (waw')(ag) w'(by) ™ Té7b(wa L y), ag, by € A, i=1,2.

For §, § € Z" we have
1

Ts(wf),s(wf’)(wa cy) =0 unless f—f € L
To(wi) sy (Wa 1 y) = 0 unless § —wol[f] € L,
fi—Ti
(Yo )"

1 -1
Ts(wf),s(w (way):(l—q )
(=D sl L= (yi/yir1)"

and
Tsz(wf),s(wwa[f])(wa : /y) — E(Q)fifiﬂ qfi+1—fi—2 gw(fz _ fz'—i—l 4 1)'

6. A CHANGE OF BASIS

In the previous two sections we gave an explicit formula for a particular basis of the
space of spherical Whittaker functions by using the Casselman-Shalika method. In this
section we translate these formulas into a new basis in order to facilitate the comparison
with the local parts of Weyl group multiple Dirichlet series which is carried out in Section

9.
Let A= C[y*!,...,yF!] and let S C A be the multiplicative set generated by

{1 () g () <j}.
Yj Yj

Denote by A = A[S] the localization of A by S. For § € Z" let my(y) = y' and let A, be
the sub-algebra of A generated by the monomials myq), a € A,, (i.e. by the monomials

my, A € L). Note that S C A, and set A, = A,[S]. For every a € A,, as a function of
y the expression w’'(a) is a multiple by a unit of the monomial myj). It therefore follows
from Proposition 1 and (5.3) that

(6.1) Tap(w :y) € A, for all a, b€ A, w € 2.

For a € A the A*—module /l* m_j) depends only on the coset fl*a and there is a direct
sum decomposition

./Zl = D A* m,f(a).

a€AN\A
For p € A let

J(p) = (pa)aeg*\g where p, denotes the projection of p to A, M_f(q)-
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The map 5 : A AA\A g an imbedding. Denote its image by V. For p = (p,) € AANA
we further set (p) = > ©,. Restricted to V the map p +— (p) provides the inverse of j
from V to A. )

Let X(w') = indg*(x,p(w’)_l) and let t be a holomorphic section with t(y) € X(w'). We
further denote by t(a : y) the value of t(y) at an element a € A. Assume further that

for every a € A we have t(a : -)*! € A. We will later see examples of such holomorphic
sections. Let

(6.2) Wig:y)= Y Ha:y)Walg,o).

acAN\A

It follows from (4.1) that the sum is well defined independent of coset representatives.
Introduce the normalized matrix

Dy (y) = (Fap(W 2 9))apein i
defined by

1
cw(Y)

(6.3) Tap(w :y) = t(a:wy)td:y) " Tap(w : y).

It follows from (5.1) that the entries are well defined independent of choice of coset repre-
sentatives for @ and b. For a set I' of coset representatives for A,\ A let

A (y) = diag(t(y : y))yer-
Note that for sets I', I of coset representatives for fl*\fl we have
- 1
i p—
W =ow
It therefore follows from (5.2) that

(6.4) DY, (y) = Db, (way) Dy, (y).

AL (wy) DS (y) AY (y) 7

For a column vector p € A2\ with entries in A and w € 20 set

(6.5) (plew)(y) = Dy (wy) p(wy).
It is straightforward from (6.4) that (6.5) defines a right action of 20 on A4\,

Lemma 8. Let t be such that t(y) € X(W') satisfies
(6.6) tla:y)* € A and t(a : y) € A, M_f(q)-

Then the action |¢ of 20 on AANA pestricts to an action on V.
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Proof. For A € Z" let my, = j(my). It is enough to show that m,|;w, € V for each
simple reflection w,. For that purpose we need to show that the a component satisfies
(M|t wa)a € A m_yq for all a € A. By definition (my), = 0 unless f(a) + A € L. Therefore

(Malewa)a(y) =7y 5 (Wa : Way) ma(way)

:cw 1( ) t(a : y) f(S(w—A) : way)—l Tws(wfk)(wa : y) m/\(way)‘

By virtue of Proposition 1 this equals zero unless either f(a) + A € £ or f(a) —w,[—\] € L.
When this is the case we may further assume that either a = s(zw™) or a = s(w®=[7"). In
light of the observation (6.1) we need to show that

A~

ts(@w™) 1 y) t(s(@ ™) s way) T ma(way) € Acmy
and that
t(s(@ V) L) t(s(@ ™) way) T ma(way) € Ay
(note that if A\ + w,[—A] € L it is enough to show one of them). This is straightforward
from (6.6). O

(From now on we consider only sections t that satisfy (6.6). For p € A we set

(6.7) plew = ((9(p)|cw))-

Note that as a consequence of Lemma 8, (6.7) defines an action of 20 on A.
Next, we derive a formula for the spherical Whittaker function Wi. In (4.5) make the

change of variables w +— w™! and apply to (6.2). For b € zzlv—, after changing the order of
summation, we obtain that

Wib:y) = x20(b) D cunlwy) Y Fbpe(w™ s wy)t(b” : wy).

weW acA\A

It follows from (6.6) that the o’ component j(t(b* : y))w = 0 unless A, m_ay = A, 1m0
and therefore for every a we have

(46" = ))ew)aly) = Tape (W™ 1 wy)t(b™ - wy).

Hence
(6.8) Wi y) = x20(0) Y cup(wy) (" < ) [cw)(y).
we

We now construct a basis of X(w’) consisting of sections that satisfy (6.6). Our con-
struction depends on a choice of a set of representatives for A,\A. For convenience, we
fix a set A of representatives for Z"/L£ and consider the set II(A) = {s(?) : A € A}

of representatives for A,\A. An element of X(w’) is uniquely determined by its values on
ITI(A). Let t5(y) € X(w') be defined by

tA(s(wA) y) = ¢y N e A
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Let = be the group of characters of fl*\fl Note that for every £ € = the section £ ty(y)
satisfies (6.6) and that {£ty(y) : £ € =} forms a basis for X(w'). Therefore {Wg, : £ € =}
is a basis of spherical Whittaker functions.

For every f € Z" let Ax(f) be the unique member of A such that f — A\ (f) € L, ka(f) be
the unique integer such that 0 < kx(f) < ny and f — A (f) — ka(f)nell. € (nZ)". Further let
ma(f) € {0,1} be such that

s(@') = 1(0)™ D s(w"2e)*r D g(lAaD—kalnalry g (A1 (D),
Note that C(lf 20 and e(0)™ 0 are uniquely determined by f and that

(6.9) tals(@) 1 y) = ()™ G g Ty (y).
(The dot product on R" here and henceforth is the standard one.) For p € Z" let dﬁ cA
be such that

(dﬁ)* _ s(wme)k/‘(_“) S<w_#_>\A(_ﬂ)_kA(_.“)n2Hr) s(w’\"(_“)).
It follows from (6.9) that for u € Z" we have
(6.10) () ) = M g m ().
Furthermore, f(d)y) = wop. Therefore {d} : X € Z"} is a set of representatives for U\G/K*
and d} € A= ifand only if A € A, = {(f1,...,f,) €Z" : fy < fo < -+ < f,}. We then get
the following theorem from (6.8) and (6.10).

Theorem 2. For A € A we have

We (4 0 ) = £((d)*) G TV 7 37 e (wy) (maler, w) (y)

. Cuy (WY) o () —p _
= ¢ Z Ci—(wy) Z E((d)) ¢ M0 g my(y) T(apy () (W Lwy).
wew W feZr /L

7. A SYMMETRIC BASIS OF WHITTAKER FUNCTIONS

The purpose of this section is to construct a basis of spherical Whittaker functions so
that, as in the n = 1 case, their values on G are symmetric rational functions (in fact
symmetric members of fl) in the complex parameter y. In light of the functional equation
satisfied by Eisenstein series (e.g. [MW95, Theorem IV.1.10]), such a basis should be of
interest for the global theory.

Define conjugation p — p on A to be the endomorphism of A such that cp=cptorceC
and p € A where ¢ — ¢ is the standard complex conjugation, and ¢; = y;, 1 =1,...,r. We
further denote by X* = *X the conjugate-transpose of any matrix X with entries in A.

Fix, throughout this section, a set A of representatives for Z" /L and let

Wig:y)=Wyl(g:y)

and

Du(y) = (Fap(w : ¥))a peana Where 7op(w 1 y) = 7 (w 1 y).
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The normalized coefficients were defined in (6.3) and satisfy the cocycle condition (6.4). We
further denote by | the action |, of 20 on both A and A*\A. Let V denote A4\ treated

as the algebra of column vectors with entries in A parameterized by A*\A and let V' be
the associated space of row vectors. Matrix multiplication provides a map (p,q) — pq

from V' x V to A and p — p* is an anti-linear bijection between V and V’. For every g € G
let ¢, € V' be given by

49(y) = J(W (g ) (y)-
It follows from (4.4), (4.5), (6.1) and (6.9) (the last showing that t, satisfies (6.6)) that
9(y) = (tala - y) Walg : y))ae i a-
For the comlex parameter y = (y1,...,y,) we set

y1y2 - Yr

?3:@17~~a?)r) where QZ: ”

For any go € G define the spherical Whittaker function
Wao(9: ) = 460 (9)" 45()-

Clearly W, (g : -) € A for every go, g € G. Since {ta(a : y) Wa(- : y) : a € A\ A} forms
a basis of spherical Whittaker functions, there is a subset I = {g, : a € A\A} C G
of ‘/Nl*\fl‘ clements such that {q, : a € A,\A} are lincarly independent in V. The set

{W, (- - y) : a € A\A} is therefore a basis of spherical Whittaker functions. The next
theorem asserts that this basis consists of symmetric functions in y.

Theorem 3. For every gy, g € G we have
Wa(g - wy) = Wey(g 1 y), w € 2.

The rest of this section is dedicated to the proof of Theorem 3. It requires a certain
symmetry satisfied by the matrix ﬁw(y) that we pursue first.

The following proposition is merely rewriting Proposition 1 in terms of the normalized
coefficients taking (6.9) into consideration.

Proposition 2. Let a = (i,i+ 1) € A and let a, b € A. We have
Tap(Wa 1Y) = 7~_a},b(woz ty) + 7f,b(wa Ly)

where 7:3,1,(1004 :y), i = 1,2 are characterized by the following properties:

(7.1) Tovabos(Wa 1Y) = Tap(Wa 1 ), ag, by € A, i=1,2.
For §, § € Z" we have
(7.2) ~sl(wf) (wf,)(wa cy) =0 unless f—f & L

(7.3) 7 ), (wf’)(wa 1Y) =0 unless | — w,[f'] € L,

s(wf
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fz+1J

1= (yisr Jyd)"

7.4 T i steh (Wa 1Y) = Yi/Yir1) I,
(74) @t (e ) = S T ey V)
and

-1
— €<Q)mA(ch[ﬂ) mA(f)+fzfz+1 gk/\ wa[ﬂ) kl\(f) (f _ fz+1 + ) q yi"'_l‘

As a consequence of Proposition 2 we deduce the following symmetries of Dw(y).

Lemma 9. For any simple reflection o = (i,1+ 1) € A we have

(7.6) Do, (9) = Du, (y) ™"
and
(7.7) Du,(y)* = Dy, (y).

Proof. Tt follows from Proposition 2 that all entries of D, (y) are rational functions in
Yi/yi+1 independent of y; for j # 4, i+ 1. If v/ = (yi,...,y.) =way and " = (v7,...,y)) =
g then yi/yi,, = y//y{, and therefore D, (§) = Du,(wsy). But by (6.4) we have
Dy, (way) = Dy, (y)~" and (7.6) follows. To show (7.7), by (7.1), (7.2) and (7.3) it is
enough to show for f € Z" that

(7.8) 7~-sl(wf)vs(wf)(woc y) = 7~_sl(wf),s(wf)(woz L y)
and
(7.9) %f(wwa[f])7s(wf)<wa y) = %j(wf)@(wwa[ﬂ)(wa 1Y)

The equality (7.8) is straightforward from (7.4). From (7.5) we get that
(7.10) %z(wwa[f]),s(wf)(wa L y)

-1
= (e(0))mrD=ma(walD+(fia =Dt 1) (G yka(D—katwall) gofs =5, — 1) L YL

Cwa (y) yl

Recall that €(o) = e(p) € {#1} and ;' = {y € fign, (C). Furthermore, it is well known
that for k # 0 mod n, the Gauss sum satisfies g¥(k) g”(—k) = qe(0)* and |g¥ (k)| = ¢z
and therefore, for every k € Z we have
gV (k) = c(0)" g" (k).
Thus, €(o)fit1=li=tg¥(f;41 — 1) = g%(f; — fix1 + 1) and (7.9) follows from (7.10). The
rest of the lemma readily follows O

Corollary 1. For every w € 20 we have
Dy ()" = Duly) ™

Proof. 1f £(w) = 1 the identity follows from the two identities of Lemma 9. For general w
note that w = wy. Applying (6.4) the corollary therefore follows by induction on £(w). O



26 GAUTAM CHINTA AND OMER OFFEN
Proof of Theorem 3. Let b € A. It follows from (6.8) that
a(y) = X2p(0) Y (bl w)(y) where p(y) = j(cu, () ta (6" ))(y) € V-

weW

In particular for w € 2 we have g|w = @, i.e. g(y) = Dy-1(wy) go(wy) or equivalently
q(wy) = Dy (wy) ' qu(y). Tt follows from (4.4) that

gy(wy) = Dy-1(wy) " 44(y), g € G.
Therefore, by Corollary 1 we have

WQO (9:wy) = dgo (wy)* %(wy)

= g0 (9)" (D1 (05)*) ™" Dyp-1 (wy) ™ g(y)
= 49 (5)" Du-1(wy) Dyy-1(wy) ™ gy(y)
= W9 : 9)
and the theorem follows. 0

8. PREPARATION FOR COMPARISON

The purpose of this section is to give a more explicit description of the terms (my|e, w)
which appear in Theorem 2. This description will be used in the following section to prove
Theorem 4 which gives the precise relationship between the spherical Whittaker functions
and the local parts of the type A Weyl group multiple Dirichlet series defined in [CG].

Assume in this section and the next that —1 is an nth root of unity in F' or equivalently
that o = 1. Note that in this case the property (3.4) simply says that (o is an nyth root of
unity and in particular an nth root of unity. It follows from Lemma 2 that the variables
y; are only determined by w up to an nth root of unity and therefore that every e-genuine,
normalized unramified character of A"Z is of the form ws 1 for some s € C". We may and
do therefore assume, through this and the next section, that (o = 1. Under our assumption
that o = 1 we also have

s(@)s(@’) = s(@"7), f, f € 2",
Thus, if A is any set of representatives for Z"/L then (d3)* = s(w™) for all A € Z". It
follows that (d{)* and therefore also d} is independent of A. It further follows from (6.9)

that ta(s(x@!) : y) = ¢"Tm_;(y) for every f € Z" and therefore that t, is independent of A.
We therefore set

dy = dy and ty = ty
for any choice of A. For a character £ € = set
(8.1) T5(A 1 y) = &(s(@™)) ¢” cug (wy) (ma ey ) (y)-
By Theorem 2 we have

Wew(dr:y) = > T5(A:y).
we
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Expanding (8.1) and applying (6.9) we have,

TSN ) = E(s(7) " g (wy) ma(wy) D> 70 (™ 2 wy)
fezr /L

Cuo (WY) )
- c ,Ol Z 5 f(y) Ts(w*f%s(wf)\)(w L. wy)
v erT/E
Note that
TEO ) = E(s(@™)) ¢72 cuy () ma(y)

and for a simple reflection w, with av = (¢,7 + 1), Proposition 2 implies

TS (A y) = & Y 47 oy (way) ma(way) x

[f(S(W‘A))%sl(w%),s(w%)(wa s way) + E(8(@ ) T et () (Wa way)]
(L)M_@J_()‘HI_M)

_ P Cwo(way)m w Sw—A e !
= e ) ™) |6 (L= g R

_|_

E(s(=" ) g7 g¥ (A — Ay — 1) 2
yz+1

Note that

and recall that

) L—q ()" _ (g 1—qg (2"
Wey - _ Yi n - . _ (Y41 -
1 (y¢+1) Yi 1= ( yt )"

We introduce the notation (k), = k — n| %] for every k € Z. Thus 0 < (k), < n. In the
following proposition we record the last expression we obtained for Tfja (A : y) using this
notation.

Proposition 3. For a simple reflection w, with a = (4,7 + 1) we have

TS (A y) = E(s(@ ™)) @7 (Way) (M ety wa) (y)

pA (yil)n Cuo (Y) Y . : —(Aig1=Ai)n
- I—q~ (%H)n ey lé(S(w Ja=a) (yiyﬂ)

= &s(@ ) 7 g (N = A — 1) (?ﬁl)l_n (1 - (?ﬁl)n)] |
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9. THE p-PART OF A WEYL GROUP MULTIPLE DIRICHLET SERIES

In this section we review the Chinta-Gunnells [CG] construction of the local part of a
Weyl group multiple Dirichlet series associated to the root system A,_;. We continue to
assume that —1 is an nth root of unity. We begin by defining a group action of the Weyl
group 20 on the ring of functions A. We denote this action by | in order to distinguish it
from the action introduced in (6.7) above and the action of [CG]| introduced below. For a
monomial my(y) = y* - -y and w, the simple reflection associated to a = (i,i + 1) we

define
_ mx(way) . " —(Xiy1=Xi)n
ol 1—q ( )n [(1 ) ( )

Yi
Yi+1

1-n n
—q'g" (N = A1 — 1) < = ) (1 - ( & ) )] '
Yi+1 Yi+1

Having defined f||w, for f a monomial, we extend the definition to A by linearity and then
to A as follows: for f € A and ¢ in the multiplicative set S we define

(2o 0 - Sl
9

g(way)

These definitions extend to give an action of 2J on ./Zl, see [CG, Theorem 3.2]. Actually,
some changes of variable are necessary to relate the action defined here to that of [CG].
In order to precisely describe the relation between the two actions, we denote the action
of [CG| with twisting parameter £ = (la,...,l,) by |¢,wap. The action of [CG] is defined

(9.1)

on the localization of the ring Clzy,...,z,_;] at the multiplicative set generated by the
polynomials 1 — 27,1 — ¢*la? for i = 1,...,7 — 1. (We make the change of variables
x; — ¢ 'x; in order to eliminate some extraneous powers of q.) Let F € C(xy,..., 2, 1)

be such a rational function. Define f € Aby f(y1,...,y,) = F(2,...,%=2). Then, letting
)\: <0’127l2+l37""12+"'+l7~)’

9.2) (Flowarow) (y— - y) — G ) e w).
y2 yr

To verify (9.2), it suffices to do so for w a simple reflection acting on monomials. This
follows from a direct comparison of (9.1) with Eq. (3.14) of [CG]. To make the comparison,
recall that we have made the substitutions z; — x;/q. Further, the Gauss sum we use here
is the conjugate of that used in [CG|. Then, using the equation (a + 1), = (a), + 1 for a
not congruent to —1 mod n and arguing separately in the two cases d;(«) — 2k; +1; + 1 is
zero or nonzero mod n (notation being of [loc. cit.]), we easily arrive at (9.2).

Let us write ¢ (y) = HKJ. (1 — (;’—j)n> and for w in the Weyl group 20, define j(w,y) =
c®(y) /e (wy). Tt is proved in Section 3 of [CG] that
N(y: 0) =y cuy(y) D> j(w,y)(malw)(y)

weW
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is a polynomial in the y; /y;11. These polynomials are used in [CG]| to construct Weyl group
multiple Dirichlet series.

We now turn to the main result of this section — the comparison of N(y;¢) with the
Whittaker function Wy, (dy : y).

Theorem 4. Let A = (0,1s,lo+13,...,lo+ -+ 1) with l; non-negative integers. We have
YN (y; 0) = ¢ "W (dy 2 y).
Proof. By Theorem 2 we need to prove that

> cuo)i(w, ) (malw)(y) = Y cug(wy) (mal, w)(y).

weW weW
We will show that the sums match up term by term, that is, that
. Cupp (WY
(9.3 i) m o)) = %2 sy ) ()
wo

for all w in the Weyl group. Since both f +— j(w,y)(f|w) and f — C:S—g“;)(ﬂfg w)(y) give

actions of 20 on A, it suffices to verify (9.3) for all simple reflections w,. This follows easily
by comparing Proposition 3 (with £ the trivial character) to the definition (9.1). This
completes the proof of the theorem. O

Remark 2. In the course of proving (9.3), we have in fact shown

. _ Cup (WY) w
J(w, y)(flw) = o () (flew)(y)

for all f € A and all w € 20, because both actions are extended from monomials to A in
the same manner.

10. ZONAL SPHERICAL FUNCTIONS OF (3

Let COO’C(}{*\CNJ/K*) be the space of e-genuine bi K*-invariant functions on G. The
action of H(G, K*) on C°¢(G/K*) given by (2.10) restricts to an action on the subspace
Definition 3. A function Q € C®¢(K*\G /K*) is an e-genuine, zonal spherical function
on G if it is a common eigenfunction of H(G, K*).

Recall from (3.2) that ys, is the modulus function of B. We wish to relate between two

different ways to express a G-invariant linear form on the space of functions f : G — C
that satisfy

(10.1) f(bg) = x2,(b) f(g), b€ B, g € G.

Of course the space of such linear forms is one dimensional. Since B\G ~ B\G we can use
the well known formula for G (cf. [Lan66]) to obtain that

I, L)
rr [ty k= B2 [ s du
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is G-invariant.

For s € C" and ¢ € pa,, (C) satistying (3.4) let w = w,¢ be the e-genuine, unramified,
normalized character of A"Z associated to (s,¢) by Lemma 2 and let w’ be its canonical
extension. Note that I((w')™!) is an e '-genuine, normalized unramified principal series
representation contragradient to I(w’). Indeed, note that for any ¢ € I(w'), ¢ € I((w')™})
the function

g Y. X2()r(19)¢(19)

yeANA
is well-defined (independent of a choice of representatives 7) and satisfies the equivariance
condition (10.1). A G-invariant matching is therefore given by

(10.2) = > x200 / p(vk) (k) dk

yeANA
(10.3) HHL S vl / oy s(wou))@(y s(wou)) du.
~vEA. \A

Let 5 = € - be the e-genuine, zonal spherical function on G defined by

%(g) = (R9)ex (@), el ™))
It can be expressed as

Q:(g9) = As(R(g)ex ()
where As € (I(w'))* is the linear form defined by

Aslp) = (@ ™).
For every w € 20 the linear form A, o T}, on I(w™'w’) is then K*-invariant. Since
dim(I(w))5" = dim (W' )5 =1
there is a scalar d,,(s) such that
(10.4) Aso Ty =dy(s) Ay-15.

The scalar d,,(s) can easily be computed by evaluating both sides of (10.4) at @ (w™'w’).
On the one hand, since ¢ is supported on B, K™ and its value on K* equals 1 we get from
the definition (10.2) of the inner product that

Ay1s(pr(w™w')) = 1.
On the other hand applying (3.16) as well we get that
As o Ty(pr(w™'w') = cu(w™'s) A (W) = cu(w™s).
Thus,
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We now expend gk as in Lemma 6. We obtain that

105) o) = 3 ) N o R = 3 (w8 (R(9) 0

we Cw ("LU 8) we
We are now ready to compute the zonal spherical functions explicitly. The Cartan decom-
position of G implies that
G =K"AK".
Note first that if f is any e-genuine and bi K™-invariant function on G then supp(f) C
K*A,K*. Indeed for any a € A and any ap € AN K* we have

f(a) = f(aag) = f(1(Calao))aoa) = €(Culao)) f(a).

But, as we have already observed in Subsection 3.3, if a ¢ A, then ¢, is not trivial on
AN K* and therefore we must have f(a) = 0. We therefore get that

supp(€2s) C K*A,K*.
For A = (A1,...,\,) € Z" let w* = diag(w™,..., @) € A and let
ay = s(wy) " 's(w@?)s(w).

Let
AN={AeZ N> >N}

Note that for every g € K*A,K* there is a unique integer 7 such that 0 < j < n; and a
unique A € A, such that

g = L(Cl) S(w"ze)j /{51 ar_z){ ]{32
for some (; € p,(F), ki, ko € K*. We then have

( )_ E(Cl)C] —jna(s1+- +5r)QS(&;){)_
Thus it is enough to compute Q(a; ) for every A € A,.

Lemma 10. For A € A, we have

Ay(R(0, ) () = %q()

Proof. For this computation it is more convenient to apply the expression (10.3) for the
inner product. Since the inner product is G-invariant we have

L(l)T’ 1 / o as(wa _w/ as(wew)a 'w’_l u
T, LG s U)o (@ ))—%%;\A/gowo( (wou) : w)ox(as(wou)an : 'Y du.

If as(wou) € supp(@u,) = B.woZ* = B,wo(Z* N's(U)) then there exists b € B, and
ug € ZNU such that as(wou) = bs(woug) and therefore p(b) = p(a)wouug'wy' € A, Tt
follows in particular that a € A,. This implies that

L1y .
T f ™ Rad)e) = / B (8(10)) 01 (8(10010) ) s
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We have already observed that s(wou) € BawoZ* if and only if u € U N K and therefore
AR en) = [ extstuman) du
By (2.7) we have
apr8(u)any = 8(P(ann) " up(any))
and since nA € A, and u € U N K we also have p(a,y) 'up(a,y) € UN K. Tt follows that
s(wott)any € s(wo)amK* = s(w" ) K*
and therefore
L(1)"
[Ties L)

The lemma follows. O

A (R(a,0)¢%,) = pr(s(@™) s ™) = (x,w)(s(@™)):

Now plugging Lemma 10 to the formula (10.5) we get for A € A,

- H:: L(Z) - NnA-(w— -s—
() = S S () )
weW

This can be expressed as the Ath Hall-Littlewood polynomial with parameter ¢~ as follows.
For A € A, the Hall-Littlewood polynomial P\ is a monic, symmetric Laurent polynomial
in the variable x = (x1,...,z,) and parameter ¢ defined by

P/\(xlw'wxht)_ V)\( Z H .fz—(L’J
A A1

where 2 = z7* - - 2} and

t) = H ON; () (1)

where N;(A\) = #{j : 1 < j <mn, A\; = i} and vy (t) =[]~ (1 — ). What we have shown
can be summarized as follows.

Theorem 5. Let g € G, s € C" and C satisfying (3.4). If g & K*AK* then Q,¢(g) = 0.
If g € K*A,K* write

g =uC)s(@™e) kyayy ko
with (1 € pn(F), k1, ks € K*. Then

Vn)\( ) —1
2y (X, X
Vol ) oS )

where X; =q¢™, 1 =1,...,r and Y = qn2(sl+“'+57‘)‘

Qs c(g) = (1) g™
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