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Theorem: (HOlder, 1887) The Gamma function I'(x + 1) = «I'(x)
satisfies no polynomial differential equation.

Goal: Prove this using differential algebraic groups and generalize

Ex. If y1(x) and yy(x) are lin. indep. solutions of
y(x +2) —wy(z + 1) + y(z) =0

then y1(x), y1(x + 1) and y=(x) satisfy no polynomial differential
equation.



e To study an object X, study its group of symmetries G
e The size of G, measures the size of X

e The relations defining G give us the relations on X’.



e Galois Theory of Polynomial Equations

e Galois Theory of Difference Equations

e Linear Differential Algebraic Groups

e Differential Galois Theory of Difference Equations

e Differential Relations Among Solutions of
Linear Difference Equations

e Final Comments



Galois Theory of Polynomial Equations
f(y) = 0, f € k[y] of degree n and irreducible

Galois group = the group of transformations of the roots of f that preserve
all algebraic relations among them.

More formally:

Splitting Ring: K = k[y1, ..., Yn, (HKj(yi—yj))—l]/M = k[, ..., Q)
M a max ideal containing (f(y1)s-.-, f(yn))
Note: K is a field and all such are isomorphic.

Galois group = Gal(K/k) = {o : K — K | o is a k-autom. }



K =klag, ..., 0]
a=(ay,...,ay), V={o(a)|o e Gal(K/k)} C K"

e V is a variety, inv. under Gal(k/k) = V defined over k

Gal(K/k) acts trans. and freelyon V = V' is a Gal(K /k)-torsor
e K = k|lay,...,a,] = coordinate ring of V

KCGaK/E) — k|Gal(K/k)| = |V| = dim K

The size of Gal(K /k) measures relations among the roots.

Ex. |Gal(K/k)| = deg(f) = all roots are expressed in terms of one.



Galois Theory of Difference Equations

k - field, o - an automorphism Ex. C(x), o(x) = x4+ 1, o(x) = qx

Difference Equation: o(Y) = AY A € GL,(k)

Splitting Ring: k[Y, ﬁ(y)], Y = (y.,;) indeterminates ,o(Y) = AY,

M = max o-ideal

det(Y)]/M = klZ, det(Z)

e M is radical = R is reduced

R = kY, | = o-Picard-Vessiot Ring

o lfC =k ={c € k|oc= c}isalgclosed = R is unique
and R° =C

k=Co(y) =—y

R= C[yé]/(?f _1)
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o-Galois Group: Gal,(R/k) = {¢: R — R | ¢ is a o k-automorphism}

EX.

k=C o(y)=-y = R=Cly,,]/(y"— 1)

Gal,(R/k) = Z/2Z
Ex.
k=C(z),o(x)=x+1
o’y —xoy+y=0=0cY = <_01 alj)Y
R = k[Y, detl(y)] /(det(Y) — 1), Gal, = SLy(C)

Ex

G(y)—y=f»f€’“:*"((l)?i>:<(l){)(ég)

¢ € Gal, = ¢(y) =y +cp,cp € C
Gal, = (C,+) or {0}
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o ¢ € Gal,, 0(Z) = AZ = ¢p(Z) = Z[p], [¢] € GL,(C)
Gal, — GL,(C) and the image is Zariski closed
Gal, = G(C), G alin. alg. gp. /C.

e R = coord. ring of a G-torsor

RGala —

dim(G) = Krull dim.x R (~ trans. deg. of quotient field)



The size of Gal(K /k) measures algebraic relations among the solutions .

EX.

azy—a:ay—l—y:O:>0'Y=( 0 1)Y

Gala — SL2 (C)

3 = dim SL3(C) = tr. deg.xk(y1, y2, 0 (Y1), o (y2))
= Y1, Y2, 0(y1) alg. indep. over k



Ex. fi,...,fn € k, k adifference field w. alg. closed const.
o(y1)) —y1 = fiu

o(Yn) — Yn = fn
Picard-Vessiot ring = k[y1, . -« s Yn]

Prop. Y1, .. - 5 Yp alg. dep. over k
iIf and only if
Jg € k and a const coeff. linear form L s.t. L(y1,...,Yn) = g

(equiv, c1fi1 + ...+ ¢ fn = 0(g) — g)

Proof. Gal, C (C,+)™.
=) Alg. dependent = Gal, C (C,+)"

= dJ Ls.t Gal, C {(c15...5¢n) | L(c1y...,¢n) = 0}
¢ € Galyy, ¢(L(Y1y---,Yn)) = L(y1 +c15- - s Yn + Cn)

= L(y1y.+-5Yn) + L(c1y...5¢n) = L(Y1s--+5Yn)
So, L(y15.--5Yn) = g € k.
Ex. y(z + 1) — y(x) = = = y(x) is not alg. over C(x).

10



Linear Differential Algebraic Groups

P. Cassidy-“Differential Algebraic Groups” Am. J. Math. 94(1972),891-954
+ 5 more papers, book by Kolchin, papers by Buium, Pillay et al.,
Ovchinnikov

(k, 6) = a differentially closed differential field

Definition: A subgroup G C GL, (k) C k™ is a linear differential algebraic
group if it is Kolchin-closed in GL,(k), that is, G is the set of zeros in
GL, (k) of a collection of differential polynomials in n? variables.

Ex. Any linear algebraic group defined over k, that is, a subgroup of GL,, (k)
defined by (algebraic) polynomials, e.g., GL,,(k), SL, (k)

Ex. Let C = ker § and let G(k) be a linear algebraic group defined over k.
Then G(C) is a linear differential algebraic group (just add {dy;,; = 0}}',_,
to the defining equations!)
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Ex. Differential subgroups of G, (k) = (k, +) = {((1) i) | z € k}
The linear differential subgroups are all of the form

Gl ={z € k| L(z) =0}
where L is a linear homogeneous differential polynomial.

For example, if m = 1,

G ={z€k|diz)=0}=G,(0)}

Ex. Differential subgroups of G (k) = (k", +)

The linear differential subgroups are all of the form
Gt = {(z1y--.,2n) € K" | L(21,...,2,) = 0}
where L is a linear homogeneous differential polynomial.
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Ex. H a Zariski-dense proper differential subgroup of SL,, (k)
= dg € SL, (k) suchthatgHg~! = SL,,(C), C = ker(9).

In general if H a Zariski-dense proper differential subgroup of G C GL,,(k),
a simple algebraic group defined over C

= dg € GL,(k) suchthatgHg™ ' = G(C), C = ker(d).
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Differential Galois Theory of Difference Equations

k - field, o - an automorphism ¢ - a derivation s.t. 6 = do

Ex.C(z): o(x) =z +1, 6 =2
o(x) =qx, 0= azdi

C(x,t) : o(x) =« + 1, 5—8@

Difference Equation: o(Y) = AY A € GL,(k)

Splitting Ring: k{Y; g5} = k[Y,8Y,82%Y,. .., 5]
= (ys,5) differential indeterminates
o(Y) =AY, o(0Y) = A(6Y) 4+ (A)Y,...
M = max od-ideal

de (Y)}/ = kiZ, det(Z)

= k{Y, } = od-Picard-Vessiot Ring

14



k - o9 field
o(Y) = AY, A € GL,(k)
R =k{Z, ﬁ(z)} - o-Picard-Vessiot ring

e R is reduced

o If C = k% = {c € k| oc = ¢} is differentially closed
= R is unique and R = C
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od-Galois Group: Gal,s(R/k) = {¢p : R — R| ¢ is a od k-automorphism}

e ¢ € Galys 0(Z) = AZ = ¢(Z) = Z[¢], [¢] € GL,(C)
Gal,s — GL,(C') and the image is Kolchin closed
Gal,s = G(C), G alin. differential alg. gp. /C.

e Gal,s is Zariski dense in Gal,

e R = coord. ring of a G-torsor
_ RGalm; — k

- Assume G connected. Then diff. dim.c(G) = diff. tr. deg, F’
where F' is the quotient field of R.
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~

k=C o(y) =-y = R=k[y, ]/(y* - 1)
Gal,s(R/k) = 7./27

o(y) —y=1F, f€k, Galys CG,
= Gal,s = {c € R° | L(c) = 0} forsome L € R?[4].

k=C(x),oc(x)=x+1, é(z) =1

0'2y—:cy—|—y:O=>a'Y=<_Olalc)Y

Will show: R = k{Y, 55y} /{det(Y) — 1}
Gals, = SLy(C)
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Differential Relations Among Solutions of Linear Difference Equations

Groups Measure Relations

k - o9 - field, C = k° differentially closed.

Differential subgroups of G}(k) = (k™, +) are all of the form
Gl = {(z15.--52n) € K" | L(z1,...,2,) = 0}
where L is a linear homogeneous differential polynomial.
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Proposition. Let R be a od-Picard-Vessiot extension of k containing z1, ..., z,
such that

O'(Zi) — Z; = fi, 1= 1,...,n.
with f; € k. Then z4, ..., z, are differentially dependent over k if and only
if there is a homogeneous linear differential polynomial L over C such that

L(zyy...,2,) =g g€k
Equivalently, L(f,..., f,) = o(g) — g.
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Corollary. Let f1,..., fn € C(z),o0(x) =z +1,6 = L andlet zq,..., z,
satisfy
O'(Zz') — 2y = fz’a 1 = 1,...,71,.

Then z4, ..., z, are differentially dependent over F(x) (F is the field of 1-
periodic functions) if and only if there is a homogeneous linear differential
polynomial L over C such that

L(Zla"'azn) =g gc (C(SE)
Equivalently, L(f1,..., fn) = o(g) — g.

- Similar result for g-difference equations. Also for oy; = fiy;

- C. Hardouin proved (using difference Galois theory) similar result for oy; =
fiy; and gave criterion in terms of divisors of the f;. Simplified by M. van
der Put
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The Gamma function is hypertranscendental.

o z(x) = I'/(x) /T (x) satisfies o(2) — 2z = 1

o If z(x) satisfies a polynomial differential equation, then

5L € €[] g(x) € Cla) st L() = g(z +1) — g(x)

o L(:) has a pole = g(x) has a pole.

e If g(x) has a pole then g(x 4+ 1) — g(x) has at least two poles but L(%)
has exactly one pole .
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If H a Zariski-dense proper differential subgroup of G C GL,(k), a
simple algebraic group defined over C

= Jdg € GL,(k) suchthatgHg™ ' = G(C), C = ker(d).

4

Proposition. Let A € GL,(k) and assume that the o-Galois group of
o(Y) = AY is a simple (noncommutative) linear algebraic group G of

dimension t. Let R = k{Z, _—} be the 56-PV ring.

The differential trans. deg. of R over k is less than t

(3
3B egl,(k)st o(B)=ABA ' +4§(A)A!
(in which case, (6Z — BZ)Z~! € gl,,(k?))
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k=C(x),o(x) =x+1

a'zy—a:a'y—l—y:0:>aY:(_01;>Y

R = k[Y, ;i55]/(det(Y) — 1), Gal, = SLy(C)

y1(x), y2(x) linearly independent solutions.
y1(x), y2(x), y1(x + 1) are differentialy dependent over C(x)

()
= (‘C‘ Z) € gl,(C(z)) sit

(2a)-(Ga) (Bn) (L) (Ea) (he)

This 4" order inhomogeneous equation has no such solutions
= y1(x), y2(x), y1(x + 1) are differentialy independent over C(x)
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Final Comments
e g-hypergeometric functions 2¢ (a, b; c; x) satisfy
a—blx— (1+c/q r—1
¢(q2$)_( ) ( ) ¢(x) =0

abx — c/q ¢(qw)+aba: —c/q
Classify differential dependence among these. (J. Roques
has calculated the (tannakian) Galois groups.)

e Nonlinear equations

e Isomonodromic deformations of difference equations
e Inverse problem

e Relation to model theory of od-fields (R. Bustamante)
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